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ABSTRACT
Strategic Information Revelation and Revenue Sharing in an R&D Race with
Learning Labs
by Jos Jansen*
Inherent to most research projects is the fact that researchers learn about their project
during the course of it. Research investments result in signals on development costs.
This paper studies how this fact influences firms' investments, and how revenue sharing
can correct inefficient behavior. We compare efficient R&D investments, equilibrium
investments when signals are public, and equilibrium investments for private signals.
Furthermore, we show which equilibrium is played when firms strategically reveal
information. The paper focuses on the trade-off between incentives to acquire and reveal
information, and incentives to develop the innovation.
ZUSAMMENFASSUNG
Offenbarung strategischer Information und Revenue Sharing im F&E-Wettlauf
der Forschungszentren
Charakteristisch für die meisten Forschungsvorhaben ist, daß die Wissenschaftler im
Laufe der Forschung Informationen über ihr Projekt ansammeln. Forschungsinvestitio-
nen stützen sich  daher auch auf Signale über Entwicklungskosten. In diesem Aufsatz
wird untersucht, welchen Einfluß dieses Phänomen auf Forschungsinvestitionen einzel-
ner Unternehmen hat und in welcher Weise revenue sharing ineffizientes Verhalten
überwinden kann. Der Autor vergleicht dabei die Forschungsinvestitionen in verschie-
denen Regimen: industrieweite Projektwertmaximierung; Gleichgewichtsinvestitionen
im Falle von öffentlichen Signalen; Gleichgewichtsinvestitionen im Falle von privaten
Signalen, die strategisch von Unternehmen veröffentlicht werden können. In dem
Beitrag werden die Anreize, Informationen zu sammeln, zu veröffentlichen und Pro-
duktinnovationen durchzuführen, herausgearbeitet.
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4 Lqwurgxfwlrq
Lqqrydwlyh dfwlylw| kdv dw ohdvw wkuhh edvlf surshuwlhv1 Lw lv prvwo| grqh
lq d frpshwlwlyh hqylurqphqw1 Ilupv frpshwh wr jhw dq lqqrydwlrq uvw1
Vhfrqg/ lw lv d g|qdplf dfwlylw|1 Uhvhdufk dqg Ghyhorsphqw +U)G, lv d
surfhvv iru zklfk zh fdq glvwlqjxlvk vhyhudo vwdjhv/ dw ohdvw wkhuh lv d uhvhdufk
vwdjh/ uhvxowlqj lq d udz surwrw|sh/ dqg d ghyhorsphqw vwdjh lq zklfk wkh
surwrw|sh lv wudqviruphg lqwr d qdo surgxfw1 Ilqdoo| U)G lv dq xqfhuwdlq
dfwlylw|1 Qrw rqo| lv lw xqfhuwdlq zkhq dq lqqrydwlrq lv jrlqj wr rffxu/ exw
dovr upv frxog eh xqfhuwdlq derxw wkh frpsoh{lw| ri wkh surmhfw wkdw wkh|
vwduw zrunlqj rq1 Rqo| lq wkh frxuvh ri grlqj uhvhdufk upv ohduq zkhwkhu
wkhlu surmhfw lv zruwkzkloh surfhhglqj1 Iru pdujlqdo surgxfw lpsuryhphqwv
wklv ohduqlqj hhfwv fdq eh ljqruhg1 Exw iru pruh ixqgdphqwdo lqqrydwlrqv
dqg pruh h{shulphqwdo uhvhdufk wkhvh hhfwv fdqqrw eh ljqruhg1 Wkh idfw
wkdw upv ohduq gxulqj wkh udfh/ dqg wkh idfw wkdw wkh| frxog ohduq iurp
hdfk rwkhu/ fuhdwhv qhz dqg lqwhuhvwlqj lqfhqwlyhv wr lqyhvw lq U)G1 Wklv
sdshu dqdo|}hv wkhvh lqfhqwlyhv1 Rxu dqdo|vlv frqvlvwv ri wkuhh sduwv1 Iluvw/
zh lqyhvwljdwh krz wkh idfw wkdw upv ohduq dhfwv wkhlu lqfhqwlyhv wr lqyhvw
lq U)G1 Vhfrqg/ zh vwxg| krz wkhvh lqfhqwlyhv duh dhfwhg xqghu glhuhqw
uhjlphv ri dssursuldelolw| ri wkh lqqrydwlrq1 Dqg/ qdoo|/ zh dqdo|}h xqghu
zkdw frqglwlrqv upv zloo dqg zloo qrw ohduq iurp hdfk rwkhu lq htxloleulxp1
Wkh vlpsohvw vlwxdwlrq wkdw fdswxuhv wkh frpshwlwlyh/ g|qdplf dqg lqiru0
pdwlrqdo dvshfwv ri lqqrydwlyh dfwlylw| lv wkh iroorzlqj1 Wzr upv frpshwh
ryhu wzr vwdjhv wr jhw dq lqqrydwlrq1 Lq wkh uvw vwdjh upv rewdlq dq lqwhu0
phgldwh glvfryhu|/ dqg ohduq derxw wkhlu U)G surmhfw1 Lq wkh vhfrqg vwdjh
upv ghflgh krz pxfk wr lqyhvw lq ghyhorslqj wkh lqwhuphgldwh lqqrydwlrq/
jlyhq wkh lqirupdwlrq dftxluhg lq vwdjh 41 Ilupv frpshwh wr jhw wkh ghyho0
rshg qdo surgxfw uvw1 Dq hduo| lqwhuphgldwh glvfryhu| lq dq U)G udfh fdq
kdyh wzr rssrvlwh hhfwv rq frpshwlwlrq1 Zh glvwlqjxlvk d vwudwhjlf dqg dq
lqirupdwlrqdo hhfw/ dqg glvfxvv wkhp lq wkh qh{w wzr sdudjudskv1
Lq prvw olwhudwxuh rq g|qdplf U)G frpshwlwlrq wkh surjuhvv ri rqh up
lq wkhlu surmhfw glvfrxudjhv klv ulydov wr lqyhvw lq wkh lqqrydwlrq1 Wdnlqj
d ohdg lq wkh udfh jlyhv wkh ohdglqj up d vwudwhjlf dgydqwdjh/ h1j1 vhh
Jurvvpdq dqg Vkdslur +4<;:,/ dqg Kduulv dqg Ylfnhuv +4<;:,1 Wklv lv d
vwudwhjlf hhfw1 Li upv frxog fuhgleo| vljqdo wkdw wkh| pdgh dq hduo|
lqwhuphgldwh glvfryhu| zlwkrxw uhyhdolqj wkh frqwhqwv ri wklv glvfryhu|/ wkh|
zrxog dozd|v gr vr1 Wkh sureohp lv wkdw wklv uhyhodwlrq fdqqrw kdsshq
fuhgleo| xqohvv wkh frqwhqwv ri wkh glvfryhu| duh uhyhdohg dovr1 Exw uhyhdolqj
wkh frqwhqwv ri wkh glvfryhu| hqdeohv ulydov wr fdwfk xs lq wkh udfh/ zklfk
hqfrxudjhv ixuwkhu lqyhvwphqwv1 Wkhuhiruh d ohdglqj up lv rqo| zloolqj wr
rewdlq dqg uhyhdo lqirupdwlrq derxw klv surjuhvv lq wkh udfh li kh lv vx!flhqwo|
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frpshqvdwhg iru grlqj vr1 Frpshqvdwlrq fdq kdsshq e| phdqv ri d olfhqflqj
duudqjhphqw ru dq lqwhuphgldwh sdwhqw +vhh/ h1j1/ Fkdqj +4<<8,/ Juhhq dqg
Vfrwfkphu +4<<8,/ Vfrwfkphu dqg Juhhq +4<<3, dqg Ndeod +4<<:,, ru judfh
shulrg +vhh Jr|do dqg Gh Oddw/ 4<<;,1 Wkxv wkhuh lv d wudgh0r ehwzhhq wkh
lqfhqwlyh wr uhyhdo lqirupdwlrq dqg ohdylqj wkh lqiruphg up dq dgydqwdjh
lq wkh udfh1 Wkh olwhudwxuh prvwo| irfxvhv rq wklv wudgh0r lq U)G udfhv1
Iru ixqgdphqwdo lqqrydwlrqv4 zh vhh dq hhfw wkdw lv rssrvlwh wr wkh
vwudwhjlf hhfw1 Diwhu dq hduo| lqwhuphgldwh vxffhvv e| rqh up/ ulydov  rfn lq
dqg lqyhvw wr rewdlq wkh qdo lqqrydwlrq uvw1 Wklv hhfw frxog eh h{sodlqhg
lq wkh iroorzlqj vhwwlqj/ dv lq Fkrl +4<<4,1 Ilupv ohduq derxw wkh surshuwlhv
ri wkh surmhfw zkloh wkh| zrun rq lw1 Wkhvh surshuwlhv duh xqlyhuvdo iru
wkh lqgxvwu|1 Idyrudeoh lqirupdwlrq iru rqh up lv idyrudeoh dovr iru klv
ulydov1 Wkhq surjuhvvlqj lq wkh udfh dqg glvforvlqj wklv surjuhvv pdnhv doo
upv pruh rswlplvwlf/ dqg pruh zloolqj wr lqyhvw1 Wklv lv dq lqirupdwlrqdo
hhfw1 Exw zkhq idyrudeoh lqirupdwlrq iru rqh up dovr hqfrxudjhv ulydov wr
lqyhvw lq wkh surmhfw/ wkh up pljkw zdqw wr suhyhqw lwv ulydov iurp ohduqlqj
wklv lqirupdwlrq1 Wkhuh pljkw eh dq lqfhqwlyh qrw wr uhyhdo dq| jrrg qhzv
wkdw upv ohduqhg1
Wkh vwudwhjlf hhfw jlyhv upv dq lqfhqwlyh wr vwdwh wkdw wkh| pdgh hduo|
lqwhuphgldwh glvfryhulhv/ zkloh wkh| zrxog nhhs lqwhuphgldwh vxffhvvhv vhfuhw
xqghu wkh lqirupdwlrqdo hhfw1 Lq sudfwlfh wkhvh wzr hhfwv lqwhudfw/ dqg
wklv lqwhudfwlrq ghwhuplqhv wkh upv* lqfhqwlyhv wr lqyhvw lq erwk vwdjhv ri
wkh udfh1 Lq wklv sdshu zh vhsdudwh wkh dftxlvlwlrq ri lqirupdwlrq iurp wkh
dftxlvlwlrq ri d ohdglqj srvlwlrq lq wkh udfh1 Iluvw/ upv lqyhvw vroho| lq
dftxlulqj lqirupdwlrq/ dqg wkhq lqyhvw lq zlqqlqj wkh udfh1 Ixuwkhupruh/ zh
pd{lpl}h wkh vfrsh iru upv wr ohduq iurp wkhlu ulydo e| dvvxplqj shuihfw
srvlwlyh fruuhodwlrq ehwzhhq wkh upv* surmhfwv1 Zh wkhuhe| irfxv rq wkh
lqirupdwlrqdo hhfw ri lqwhuphgldwh glvfryhulhv dqg lwv vxevhtxhqw sureohpv
ri lqirupdwlrq uhyhodwlrq1 Wklv jlyhv d vkdushu wudgh0r ehwzhhq lqfhqwlyhv
wr uhyhdo dqg dftxluh lqirupdwlrq1
Wklv sdshu frqwulexwhv lq wzr lpsruwdqw zd|v wr wkh vwxg| ri wkh wudgh0
r ehwzhhq wkh lqirupdwlrqdo dqg vwudwhjlf hhfw1 Iluvw/ zh vwxg| wkh hhfwv
ri dssursuldelolw| ri uhyhqxhv rq wkh upv* lqfhqwlyhv wr lqyhvw lq U)G1
Prvw olwhudwxuh rq U)G udfhv irfxvhv rq wkh zlqqhu0wdnhv0doo udfh1 Wklv
lv/ krzhyhu/ dq h{wuhph vhwwlqj wkdw qhhgv qrw eh uhdolvwlf1 Zh dgg pruh
uhdolvp wr wkh hfrqrplf dqdo|vlv e| vwxg|lqj vhwwlqjv lq zklfk wkh zlqqhu
grhv qrw wdnh doo1 Lq sduwlfxodu/ zh dvvxph wkdw upv vkduh d {hg sruwlrq ri
4D fodvvlf h{dpsoh ri wklv nlqg ri lqqrydwlrq zrxog eh wkh 4<;9 euhdnwkurxjk lq frog
vxshufrqgxfwlylw|1 Iru d ghvfulswlrq ri wkh euhdnwkurxjk e| LEP/ dqg lwv uhvxowlqj udfh
iru hyhq froghu vxshufrqgxfwlylw|/ vhh Fkrl +4<<4,1
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wkhlu uhyhqxhv1 Uhyhqxh vkdulqj lqwurgxfhv iuhh0ulghu hhfwv wr wkh dqdo|vlv1
Wkhvh iuhh0ulghu hhfwv lqwhudfw lq dq lqwhuhvwlqj zd| zlwk wkh lqirupdwlrqdo
dqg vwudwhjlf hhfwv1
Wkh vhfrqg pdlq frqwulexwlrq ri wklv sdshu lv wr hqgrjhql}h upv* lqiru0
pdwlrq1 Lqirupdwlrq lv hqgrjhql}hg lq wzr gluhfwlrqv1 Iluvw/ hdfk up lqyhvwv
lq frvwo| lqirupdwlrq dftxlvlwlrq1 Wkh lqfhqwlyhv wr lqyhvw ghshqg rq wkh ds0
sursuldelolw| ri erwk wkh dftxluhg lqirupdwlrq/ dqg wkh lqqrydwlrq*v uhyhqxhv1
Zkhq wkh dftxluhg lqirupdwlrq lv sxeolf/ upv kdyh d orz lqfhqwlyh wr lqyhvw
lq lqirupdwlrq dftxlvlwlrq/ ehfdxvh wkh| suhihu wr iuhh ulgh rq wkhlu ulydo*v
lqirupdwlrq dftxlvlwlrq lqyhvwphqwv1 Dqg zkhq rqo| sduw ri wkh uhyhqxhv
iurp lqqrydwlrq duh dssursuldwhg e| d up/ erwk qhjdwlyh dv zhoo dv srvlwlyh
h{whuqdolwlhv rq uhvhdufk lqfhqwlyhv h{lvw ehwzhhq upv1 Wkh qhjdwlyh hhfw
lv gxh wr wkh hurvlrq ri h{shfwhg uhyhqxhv iurp d up*v rzq lqirupdwlrq df0
txlvlwlrq lqyhvwphqwv1 Wklv lv d iuhh0ulghu hhfw1 Wkh srvlwlyh h{whuqdolw| ri
uhyhqxh vkdulqj lv dfwlyh zkhq wkh upv* dftxluhg lqirupdwlrq lv sxeolf1 Wkh
h{whuqdolw| lv fdxvhg e| wkh idfw wkdw wkh lqirupdwlrq jhqhudwhg e| rqh up
dhfwv eholhiv dqg frqvhtxhqwo| h{shfwhg uhyhqxhv ri wkh up*v ulydo1 Vlqfh
sduw ri wkhvh uhyhqxhv vsloo ryhu/ upv kdyh d eljjhu lqfhqwlyh wr lqyhvw lq
lqirupdwlrq dftxlvlwlrq1
Wkh vhfrqg uhdvrq zk| wkh upv* lqirupdwlrq lv hqgrjhqrxv lv ehfdxvh
upv fdq fkrrvh zkdw lqirupdwlrq wkh| uhyhdo1 Wkdw lv/ wkh uhyhodwlrq ri
lqirupdwlrq lv qrw h{rjhqrxv/ exw d vwudwhjlf fkrlfh ri wkh upv1 Zkhq
lqirupdwlrq lv qrq0yhuldeoh/ upv qhyhu frpsohwho| uhyhdo wkhlu lqirupdwlrq/
zkloh wkhuh lv dq htxloleulxp lq zklfk wkh| frpsohwho| frqfhdo lqirupdwlrq1
Wklv uhvxow krogv iru dq| zd| lq zklfk upv vkduh uhyhqxhv1 Wkhvh uhvxowv duh
uhyhuvhg iru h{wuhph uhyhqxh vkduhv/ krzhyhu/ zkhq lqirupdwlrq lv yhuldeoh1
Ilupv fdqqrw fuhgleo| frqfhdo dq| yhuldeoh lqirupdwlrq/ dqg zloo wkhuhiruh
ixoo| glvforvh1 Iru lqwhuphgldwh uhyhqxh vkduhv wkhuh lv qr htxloleulxp lq
zklfk upv frpsohwho| uhyhdo wkhlu lqirupdwlrq1
Wkhvh wzr pdlq frqwulexwlrqv ri wkh sdshu duh glvfxvvhg lq pruh ghwdlo
lq wkh qh{w vhfwlrqv1
Uhodwhg olwhudwxuh= Sdshuv e| Khqgulfnv dqg Nryhqrfn +4<;<,/ Fkrl +4<<4,/
Pdoxhj dqg Wvxwvxl +4<<:,/ dqg F|huw dqg Nxpdu +4<<;, vwxg| prghov lq
zklfk upv ohduq derxw wkhlu surmhfw*v fkdudfwhulvwlfv zkloh wkh| lqyhvw lq lw1
Lq wkhlu prghov wkh lqirupdwlrq rewdlqhg iurp uhvhdufk lv sxeolfo| revhuydeoh1
Ilupv ohduq iurp hdfk rwkhu*v h{shulhqfh zlwkrxw frvw1 Lqirupdwlrq lv lqfrp0
sohwh/ exw v|pphwulf1 Zh vkrz lq wklv sdshu wkdw upv kdyh lqfhqwlyhv wr
plvuhsuhvhqw wkhlu lqwhuphgldwh uhvhdufk uhvxowv wr dhfw frpshwlwlrq lq wkh
ghyhorsphqw vwdjh1 Ixuwkhupruh/ zh dqdo|}h krz lqyhvwphqwv duh dhfwhg
e| uhyhqxh vkdulqj/ dqg krz wkh| frpsduh wr wkh lqgxvwu|*v h!flhqw lqyhvw0
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phqwv1 Zh vkrz wkdw upv* h{shfwhg surwv fdq eh lqfuhdvhg e| uhod{lqj
wkh zlqqhu0wdnhv0doo dvvxpswlrq1
Ghzdwulsrqw hw do1 +4<<<, jlyh vx!flhqw frqglwlrqv xqghu zklfk d pdq0
djhu*v lqfhqwlyhv iru lqirupdwlrq dftxlvlwlrq lqyhvwphqwv duh dhfwhg e| dq
dgglwlrqdo vljqdo derxw klv surmhfw1 Zh shuirup d vlplodu h{huflvh iru vljqdov
wkdw duh jhqhudwhg e| d up*v ulydo1 Zh h{whqg wkh dqdo|vlv e| lqwurgxflqj
frpshwlwlrq erwk lq lqirupdwlrq dftxlvlwlrq/ dv zhoo dv lq wkh ghwhuplqdwlrq
ri upv* uhyhqxh1
Sureohpv ri vwudwhjlf lqirupdwlrq uhyhodwlrq lq U)G udfhv duh vwxglhg e|
Ekdwwdfkdu|d hw do1 +4<<3/ 4<<5, dqg g*Dvsuhprqw hw do1 +4<<9/ 4<<;, exw
lq wkhlu prghov lqirupdwlrq lv h{rjhqrxv +dqg sduwo| yhuldeoh,1 Dqrwkhu
prgho ri hqgrjhqrxv lqirupdwlrq vslooryhuv ehwzhhq frpshwlqj upv lv dq0
do|}hg e| Ndwvrxodfrv dqg Xosk +4<<;,/ dqg Xosk dqg Ndwvrxodfrv +4<<;,1
Wkhlu sureohp ghdov zlwk lqirupdwlrq derxw wkh frqwhqwv ri wkh lqwhuph0
gldwh lqqrydwlrq/ dqg qrw lqirupdwlrq derxw wkh frvwv ri surfhhglqj zlwk
wkh surmhfw1 Wklv sxwv pruh hpskdvlv rq wkh vwudwhjlf hhfw ri lqirupdwlrq
uhyhodwlrq1
Wkh hhfwv iru lqfhqwlyhv ri udflqj upv diwhu wkh uhod{dwlrq ri wkh zlqqhu0
wdnhv0doo sdwhqw vfkhph duh vwxglhg lq Od Pdqqd hw do1 +4<;<, dqg Ghqlfroõ
+4<<9,1 Lq wkhvh sdshuv wkh vrfldo rswlpdolw| ri ixoo0vfrsh sdwhqwv lv vhulrxvo|
txhvwlrqhg1 Zh shuirup d vlplodu h{huflvh/ exw lq dq hqylurqphqw lq zklfk
upv ohduq1
Sureohpv lq zklfk lqirupdwlrq uhyhodwlrq rffxuv ehwzhhq frpshwlwruv duh
sureohpv ri lqirupdwlrq vkdulqj lq roljrsro|15 Qryvkhn dqg Vrqqhqvfkhlq
+4<;5,/ Iulhg +4<;7,/ dqg Fuhdqh +4<<8, vwxg| prghov lq zklfk upv dftxluh
dqg uhyhdo lqirupdwlrq ehiruh wkh| frpshwh16 Krzhyhu/ lq wkhvh prghov
upv fdq frpplw h{ dqwh zkhwkhu wr uhyhdo lqirupdwlrq ru qrw1 Wklv lv d
vwurqj dvvxpswlrq wkdw qhhg qrw dozd|v eh uhdolvwlf1 Lq idfw/ ]ly +4<<6,
vkrzv wkdw wkh vfrsh iru lqirupdwlrq vkdulqj lv gudvwlfdoo| uhgxfhg zkhq
upv fdqqrw frpplw h{ dqwh dqg lqirupdwlrq lv qrq0yhuldeoh1 Zh iroorz
wkh vdph prghoolqj dssurdfk dv lq wkh sdshu e| ]ly1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq wkh qh{w vhfwlrq zh ghvfuleh wkh
edvlf prgho1 Lq vhfwlrq 6 wkh h!flhqw lqyhvwphqwv wkdw pd{lpl}h wrwdo lq0
gxvwu|*v surwv duh fkdudfwhul}hg1 Wkhvh lqyhvwphqwv vhuyh dv d ehqfkpdun1
Vhfwlrq 7 dqdo|}hv wkh hhfwv ri lqwurgxflqj frpshwlwlrq lq wklv vhwwlqj/ zkloh
5Iru d vxuyh| ri wkh pdlq uhvxowv ri lqirupdwlrq vkdulqj lq roljrsro|/ vhh Jdo0Ru +4<;9,
dqg Udlwk +4<<9,1
6Rwkhu sdshuv/ h1j1 vhh Ol hw do1 +4<;:,/ Kzdqj +4<<6/ 4<<8, dqg Kdxn dqg Kxunhqv
+4<<;,/ vwxg| wkh lqfhqwlyhv ri frpshwlqj upv wr dftxluh lqirupdwlrq jlyhq wkdw wkh
dftxluhg lqirupdwlrq uhpdlqv sulydwh1
8
vljqdov uhpdlq sxeolf lqirupdwlrq1 Wklv jlyhv wkh htxloleulxp lqyhvwphqwv ri
frpshwlqj upv wkdw uhfhlyh sxeolfo| revhuydeoh vljqdov derxw wkh surmhfw*v
frpsoh{lw|1 Lq vhfwlrq 8 zh dqdo|}h wkh htxloleulxp lqyhvwphqwv zkhq upv
kdyh rqo| sulydwh vljqdov1 Wkh vl{wk vhfwlrq glvfxvvhv zkdw lqirupdwlrq lv
uhyhdohg/ dqg zkdw lqyhvwphqwv duh fkrvhq/ zkhq upv uhyhdo lqirupdwlrq
vwudwhjlfdoo|1 Vhfwlrq : glvfxvvhv wkh dvvxpswlrqv rq revhuydelolw| ri uhvhdufk
lqyhvwphqwv/ dqg wkh odvw vhfwlrq frqfoxghv1 Doo surriv duh uhohjdwhg wr wkh
Dsshqgl{1
5 Wkh Prgho
Zh frqvlghu dq lqgxvwu| lq zklfk wzr upv frpshwh ryhu wzr vwdjhv wr rewdlq
dq lqqrydwlrq1 Ilupv zrun rq wkh vdph lqqrydwlrq exw frpshwh wr jhw lw
uvw1 Vlqfh upv zrun rq wkh vdph lqqrydwlrq/ zh dvvxph wkdw wkhlu frvwv ri
lqyhvwphqwv duh shuihfwo| srvlwlyho| fruuhodwhg1 Lq wkh uvw vwdjh upv dftxluh
lqirupdwlrq derxw wkh frvwv ri ghyhorsphqw lqyhvwphqwv/ wkdw vkrxog ohdg wr
wkh lqqrydwlrq1 Wklv lv wkh uhvhdufk vwdjh1 Lq wkh vhfrqg vwdjh wkh upv
dfwxdoo| wu| wr ghyhors wkh lqqrydwlrq1 Zh fdoo wklv vwdjh wkh ghyhorsphqw
vwdjh1 Wkh up wkdw ghyhorsv wkh lqqrydwlrq uvw/ wkh zlqqhu/ uhfhlyhv sul}h
` 1 Zkhq erwk upv ghyhors wkh lqqrydwlrq/ hdfk up uhfhlyhv sul}h A 1
Qdwxudoo|/ zh dvvxph wkdw f  A  
2
` 1 Dw rqh h{wuhph upv vkduh wkh
uhyhqxhv iurp lqqrydwlrq htxdoo|/ zkloh dw wkh rwkhu h{wuhph/ upv frpshwh
hufho| lq wkh surgxfw pdunhw zklfk ohdyhv qr uhqwv iru hlwkhu ri wkhp1 D
up wkdw grhv qrw ghyhors wkh lqqrydwlrq vxffhvvixoo| uhfhlyhv qr uhyhqxhv1
Ghqh {  ` A dv wkh glhuhqfh ehwzhhq wkh sul}hv ri zlqqlqj dqg w|lqj1
Qrwh wkdw rxu dvvxpswlrq rq A lpsolhv wkdw 
2
`  { ` 1
Dw wkh ehjlqqlqj ri wkh udfh upv gr qrw nqrz wkh frpsoh{lw| ri wkh
surmhfw wkh| zrun rq1 Frpsoh{lw| gluhfwo| dhfwv wkh frvw ri lqyhvwphqwv
lq ghyhorslqj wkh lqqrydwlrq/ dqg lv vxppdul}hg e| wkh sdudphwhu w1 Wkh
surmhfw fdq hlwkhu eh hdv|/ w ' w/ ru gl!fxow/ w ' 7w/ wr frpsohwh/ zlwk
f 	 w 	 7w1 Zkhq wkh surmhfw lv hdv| +uhvs1 gl!fxow,/ lw lv hdv| +uhvs1 gl!fxow,
iru erwk upv1 Dq hdv| surmhfw kdv orz pdujlqdo frvw ri ghyhorsphqw1 D
gl!fxow surmhfw lv frpsohwhg dw kljk pdujlqdo frvw1 Wkh suredelolw| ri dq
hdv| +uhvs1 gl!fxow, surmhfw lv R +uhvs1  R,/ zlwk f 	 R 	 1
Lq wkh uhvhdufk vwdjh upv qg d surwrw|sh/ dqg ohduq derxw wkh frvwv
ri ghyhorsphqw lqyhvwphqw1 Ilup  grhv uhvhdufk e| pdnlqj dq lqyhvwphqw
- 5 dfc o1 Uhvhdufk lqyhvwphqwv duh qrw revhuydeoh1 Ilup  h{shfwv uh0
vhdufk lqyhvwphqw o iurp klv ulydo up 1 Frvwv ri uhvhdufk lqyhvwphqwv duh
txdgudwlf lq lqyhvwphqwv/ E- '
4
2
-2 / zlwk 4 kljk hqrxjk vxfk wkdw fr0
ruglqdwlqj upv erwk lqyhvw lq uhvhdufk1 Ohduqlqj lv/ krzhyhu/ qrw shuihfw1
9
Diwhu upv lqyhvw lq uhvhdufk wkh| uhfhlyh d vljqdo derxw wkh surmhfw*v frp0
soh{lw|1 Wkh txdolw| ri wkh vljqdo ghshqgv rq wkh lqyhvwphqwv lq uhvhdufk1
Zkhq wkh surmhfw lv gl!fxow/ lqyhvwphqwv dozd|v ohdg wr d edg vljqdo/ | ' 7|/
iru  ' c 21 Iru dq hdv| surmhfw up *v vljqdo ghshqgv rq klv uhvhdufk lq0
yhvwphqw/ -1 Ilup  uhfhlyhv d jrrg vljqdo/ | ' |/ zlwk suredelolw| -/ zkloh
wkh suredelolw| ri d edg vljqdo/ | ' 7|/ lv   -/ zlwk  ' c 21 Vljqdov duh
lqghshqghqwo| glvwulexwhg ehwzhhq upv jlyhq wkh surmhfw*v frpsoh{lw|1 Wkh
uvw0vwdjh vwrfkdvwlf vwuxfwxuh iru up  lv ghslfwhg lq Iljxuh 4 ehorz1 Wkh




























Iljxuh 4= Ilup *v uhvhdufk vwdjh
Zh pdnh glhuhqw dvvxpswlrqv derxw wkh qdwxuh ri wkh upv* vljqdov1 Lq wkh
iroorzlqj wzr vhfwlrqv zh dvvxph wkdw vljqdov duh sxeolf lqirupdwlrq/ zkloh lq
vhfwlrq 8 zh dvvxph wkdw vljqdov duh sulydwh lqirupdwlrq wr upv1 Ehvlghv wkh
idfw wkdw wkhvh fdvhv duh lqwhuhvwlqj e| lwvhoi/ wkh| dovr hqdeoh xv wr dqdo|}h
d ulfkhu prgho lq zklfk upv vwudwhjlfdoo| fkrrvh krz pxfk lqirupdwlrq wr
uhyhdo wr wkhlu ulydo1 Zh lqwurgxfh wklv prgho lq vhfwlrq 9 ri wklv sdshu1
Zkhqhyhu d up uhfhlyhv d jrrg vljqdo/ | ' |/ lw ohduqv wkdw erwk upv
zrun rq dq hdv| surmhfw1 Zkhqhyhu erwk upv uhfhlyh d edg vljqdo/ wkh|
duh lq rqh ri wkh iroorzlqj vlwxdwlrqv1 Hlwkhu wkh surmhfw lv gl!fxow/ ru upv
zrun rq dq hdv| surmhfw dqg zhuh vlpso| xqoxfn|1 Wkh h{whqw wr zklfk upv
zhuh xqoxfn| xqghu dq hdv| surmhfw ghshqgv rq upv* uhvhdufk lqyhvwphqwv/
-1 Wkh pruh upv lqyhvwhg lq uhvhdufk/ wkh pruh shvvlplvwlf wkh| jhw derxw
wkh surmhfw*v frpsoh{lw|1
Lq wkh vhfrqg vwdjh upv lqyhvw lq wkh ghyhorsphqw ri wkh lqqrydwlrq e|
vshqglqj ( 5 dfc o1 Ilup *v suredelolw| ri pdnlqj d qdo lqqrydwlrq lv wkhq
(1 Dq hdv| surmhfw/ w ' w/ kdv orz pdujlqdo frvwv ri ghyhorsphqw/ zkloh d
gl!fxow surmhfw kdv kljkhu ghyhorsphqw frvwv/ w ' w1 Lq rughu wr nhhs wkh
prgho pdqdjhdeoh/ zh dvvxph wkdw up *v ghyhorsphqw frvw lv txdgudwlf lq
ghyhorsphqw lqyhvwphqw (/ l1h1 SE(( w '
w
2
(2 / iru  ' c 21 Ixuwkhupruh/
:
zh dvvxph wkdw w : 2{ wr rewdlq lqwhulru vroxwlrqv iru upv* ghyhorsphqw
lqyhvwphqwv1
Zh dvvxph wkdw upv duh ulvn qhxwudo1 Iru upv* surwv zh ghqh wkh iro0
orzlqj1 Jlyhq ghyhorsphqw lqyhvwphqwv (  E(c(2/ up *v ghyhorsphqw
surwv duh=








Wkhq up *v h{shfwhg sd|r lv jlyhq e|




Zh vroyh wkh jdph edfnzdugv/ dqg irfxv rq v|pphwulf/ sxuh0vwudwhj| Ed|hv
shuihfw htxloleuld1
6 Ehqfkpdun= H!flhqw Lqyhvwphqwv
Lq wklv vhfwlrq zh dqdo|}h wkh h!flhqw rxwfrph iru wkh lqgxvwu|1 Wklv phdqv
wkdw zh fdofxodwh wkh uhvhdufk dqg ghyhorsphqw lqyhvwphqwv wkdw pd{lpl}h
h{shfwhg wrwdo lqgxvwu|*v surwv1 Zh dqdo|}h wklv vroxwlrq wr xqghuvwdqg
upv* lqfhqwlyhv zkhq doo uhohydqw h{whuqdolwlhv duh lqwhuqdol}hg17 Zh xvh wkh
h!flhqw rxwfrph dv d ehqfkpdun wr vwxg| wkh hhfwv ri frpshwlwlrq dqg
sulydwh lqirupdwlrq rq htxloleulxp vwudwhjlhv1
Jlyhq sxeolf vljqdov/ zh fdofxodwh wkh h!flhqw lqirupdwlrq dftxlvlwlrq dqg
ghyhorsphqw fkrlfhv e| vroylqj wkh prgho edfnzdugv1 Lq wkh uvw vxevhfwlrq
zh qg wkh h!flhqw ghyhorsphqw lqyhvwphqwv/ (1 Lq wkh vhfrqg vxevhfwlrq
zh frpsxwh h!flhqw lqirupdwlrq dftxlvlwlrq lqyhvwphqwv/ -/ jlyhq h!flhqw
lqyhvwphqwv lq wkh ghyhorsphqw vwdjh18
7Vxfk d ehqfkpdun frxog eh uhohydqw iru srolf| dqdo|vlv zkhq upv fdq ixoo| dssur0
suldwh wkh vrfldo ydoxh ri wkhlu lqqrydwlrq1
8Zh dvvxph wkdw upv* uhvhdufk lqyhvwphqwv duh xqrevhuydeoh lq wkh h!flhqw rxwfrph/
lq wkh htxloleulxp zlwk sxeolf vljqdov/ dqg lq wkh htxloleulxp zlwk sulydwh vljqdov1 Nhhslqj
uhvhdufk lqyhvwphqwv xqrevhuydeoh wkurxjkrxw wkh zkroh dqdo|vlv hqdeohv xv wr irfxv rq
wkh hhfwv ri frpshwlwlrq dqg sulydwh lqirupdwlrq rq wkh upv* vljqdov1 Lw hqdeohv xv wr
frpsduh upv* lqyhvwphqw lq wkh glhuhqw ehqfkpdunv1 Lq idfw/ h!flhqw lqyhvwphqwv iru
revhuydeoh dqg xqrevhuydeoh uhvhdufk lqyhvwphqwv duh lghqwlfdo/ vlqfh doo uhohydqw h{whu0
qdolwlhv duh lqwhuqdol}hg1
;
614 H!flhqw Ghyhorsphqw Lqyhvwphqwv
Diwhu wkh lqirupdwlrq dftxlvlwlrq vwdjh wkhuh duh wzr edvlf vwdwhv ri wkh
zruog1 Hlwkhu wkhuh lv dw ohdvw rqh up wkdw uhfhlyhg d jrrg vljqdo/ | 5
iE|c |c E|c |c E|c |j/ ru erwk upv uhfhlyhg d edg vljqdo/ | ' E|c |1 Lq wkh uvw
fdvh erwk upv ohduq wkdw wkhlu surmhfw lv hdv|/ w ' w/ zkloh lq wkh odwwhu fdvh
wkh| fdqqrw hvwdeolvk zlwk fhuwdlqw| zkhwkhu wkh surmhfw lv hdv| ru gl!fxow1
Iru erwk wkhvh vwdwhv ri wkh zruog zh fdofxodwh wkh h!flhqw ghyhorsphqw lq0
yhvwphqwv (1 Lq wkh lqgxvwu|*v h!flhqw rxwfrph up  fkrrvhv ghyhorsphqw
lqyhvwphqw ( wkdw pd{lpl}hv h{shfwhg wrwdo ghyhorsphqw surwv/ jlyhq wkh
vljqdov |/ uhvhdufk lqyhvwphqw -/ dqg h{shfwhg uhvhdufk lqyhvwphqwv o=
4@ 
(Mdfco
.wiZE(( w n Z2E(( wm|(-j/ iru  ' c 2
H{shfwdwlrqv duh wdnhq diwhu revhuylqj wkh vljqdov1 Ilup *v srvwhulru eholhi
ri zrunlqj rq dq hdv| surmhfw lv > ' >E|(-c o1 Wkh h{shfwhg frvw ri
lqyhvwphqw sdudphwhu lv
>w n E >w ' .Ewm|(-c o
Wrwdo surw pd{lpl}dwlrq ohdgv wr wkh uvw0rughu frqglwlrqv iru ghyhorsphqw
lqyhvwphqwv=
`  2({ ' .Ewm|(-c o(/ iru c  ' c 2/ dqg  9' 1
Zkhq wkhuh lv d up wkdw uhfhlyhv d jrrg vljqdo diwhu wkh uvw vwdjh/ wkh
upv nqrz wkdw wkh surmhfw lv hdv|/ l1h1 > ' 1 Ilupv* uvw0rughu frqglwlrqv
iru wkhvh eholhiv jlyh wkhlu rswlpdo ghyhorsphqw lqyhvwphqwv/ dqg ghyhors0












Diwhu erwk upv uhfhlyhg d edg vljqdo/ | ' E|c |/ upv xsgdwh wkhlu eh0
olhiv derxw wkh surmhfw*v frpsoh{lw| e| dsso|lqj Ed|hv* uxoh= >E|c |(-c o '
RE3-E3o
RE3-E3o n3R
1 Wkhuhiruh h{shfwhg frvwv diwhu wzr edg vljqdov lv=
.Ewm|c |(- ' w n E-c o/ zlwk
E-c o 
E REw  w
RE-E o n  R

Li upv vwloo uhfhlyh edg vljqdov hyhq wkrxjk wkh| lqyhvwhg pruh lq lqirupd0
wlrq dftxlvlwlrq/ upv ehfrph pruh shvvlplvwlf derxw wkh frpsoh{lw| ri wkh
<
surmhfw1 Ilup *v h{shfwhg ghyhorsphqw frvw lqfuhdvhv lq upv* lqirupdwlrq
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Vlqfh lq wkh h!flhqw rxwfrph h{shfwdwlrqv zloo eh uhdol}hg/ o ' -/ upv*
h!flhqw lqyhvwphqwv zloo eh v|pphwulf dorqj wkh rswlpl}lqj sdwk1 Vlqfh
E- : f/ h{shfwhg pdujlqdo frvw/ w n E-/ vwulfwo| h{fhhgv pdujlqdo frvw
ri lqyhvwlqj lq dq hdv| surmhfw/ w1 Dorqj wkh rswlpl}lqj sdwk lw lv wkhuh0
iruh h!flhqw wr lqyhvw ohvv diwhu revhuylqj E|c | wkdq diwhu revhuylqj d jrrg
vljqdo/ l1h1 (E| : (E|c |(- iru  ' c 21 Juhdwhu lqirupdwlrq dftxlvl0
wlrq hruwv wkdw uhvxow vwloo lq wzr edg vljqdov pdnh upv pruh shvvlplvwlf
derxw wkh surmhfw*v frpsoh{lw|/ dqg h{shfwhg frvwv lqfuhdvh1 Wkhuhiruh h!0
flhqw lqyhvwphqwv vkrxog ghfuhdvh1 Diwhu sduwldoo| glhuhqwldwlqj wkh h!flhqw




RE oE-c o(E|c |(-
dRE-E o n  Ro Ew n E-c o
 fc
zlwk c  ' c 2c  9' 1
Zh vxppdul}h rxu uhvxowv lq wkh iroorzlqj ohppd1
Ohppd 4 Wkh h!flhqw ghyhorsphqw lqyhvwphqwv duh vxfk wkdw/ iru  ' c 2=
+l, dorqj wkh rswlpl}lqj sdwk/ l1h1 o ' -/ lqyhvwphqwv diwhu d jrrg vljqdo
h{fhhg wkrvh diwhu wzr edg vljqdov= (E| : (E|c |(- iru doo ->




 f iru doo -1
615 H!flhqw Uhvhdufk Lqyhvwphqwv
Jlyhq sulru eholhiv frqfhuqlqj wkh frpsoh{lw| ri wkh U)G surmhfw dqg jlyhq
h!flhqw ghyhorsphqw lqyhvwphqwv/ (/ upv fkrrvh uhvhdufk lqyhvwphqwv/ -1
Ilup *v h{ dqwh h{shfwhg surw/ jlyhq h!flhqw ghyhorsphqw lqyhvwphqwv/ lv=














H!flhqw lqirupdwlrq dftxlvlwlrq lqyhvwphqwv - duh ghwhuplqhg e| pd{lpl}0
lqj E-c (nE- c (1 Zkhq zh fdofxodwh wkh uvw0rughu frqglwlrqv/ dqg


















Ew n 2{Ew n E- n 2{2
c iru c  ' c 2 +4,
Wkdw lv/ pdujlqdo frvwv htxdo pdujlqdo uhyhqxhv ri lqirupdwlrq dftxlvlwlrq
lqyhvwphqwv1 Pdujlqdo frvwv duh wkh gluhfw frvw ri uhvhdufk lqyhvwphqw/ 4-1
Wkh pdujlqdo uhyhqxh ri lqirupdwlrq jdwkhulqj lqyhvwphqw lv wkh wrwdo surw
jdlqhg iurp rewdlqlqj d jrrg vljqdo dqg qglqj rxw wkdw wkh surmhfw lv hdv|
diwhu lqyhvwlqj d pdujlqdo dprxqw pruh1
Revhuyh wkdw qhw pdujlqdo uhyhqxhv lq wkh uljkw kdqg vlgh ri h{suhvvlrq
+4, duh srvlwlyh iru doo - 	 1 Gluhfw pdujlqdo frvwv duh olqhdu dqg lqfuhdvh
prqrwrqlfdoo| iurp f1 Wkhuhiruh h!flhqw lqirupdwlrq dftxlvlwlrq lqyhvwphqwv
duh lq wkh lqwhulru ri wkh xqlw lqwhuydo/ l1h1 f 	 - 	 19
7 Udfh zlwk Sxeolf Vljqdov
Lq wklv vhfwlrq zh fdofxodwh wkh htxloleulxp ri wkh U)G udfh zkhuh vljqdov
| duh sxeolfo| revhuydeoh1 Zh ghulyh htxloleulxp lqyhvwphqw ghflvlrqv ri
qrqfrrshudwlyh upv/ dqg dqdo|}h krz wkh| uhodwh wr wkh h!flhqw rxwfrph1
Uhvhdufk dqg ghyhorsphqw lqyhvwphqw fkrlfhv duh qrz pdgh xqghu frpshwl0
wlrq/ zkloh upv* lqirupdwlrq uhpdlqv v|pphwulf1 Djdlq/ zh vroyh wkh jdph
edfnzdugv lq sxuh vwudwhj| htxloleulxp1
714 Sxeolf Vljqdo Ghyhorsphqw Lqyhvwphqwv
Wkh txdolwdwlyh surshuwlhv ri htxloleulxp ghyhorsphqw lqyhvwphqwv gr qrw
glhu iurp wkrvh ri h!flhqw lqyhvwphqwv1 Djdlq ghyhorsphqw lqyhvwphqwv
duh kljk diwhu d jrrg vljqdo dqg duh jhqhulfdoo| ghfuhdvlqj lq uhvhdufk lq0
yhvwphqw1 Txdqwlwdwlyho| htxloleulxp lqyhvwphqwv glhu iurp wkh h!flhqw
9Xqiruwxqdwho|/ wkh qhw uhyhqxh ixqfwlrq qhhg qrw dozd|v eh frqfdyh iru doo U1 Hvsh0
fldoo| iru elj s +s A 5.
7..
, qhw uhyhqxhv duh frqyh{ iru vpdoo U1 Iru elj s dqg vpdoo frvwv
ri lqirupdwlrq dftxlvlwlrq/ / wkhuh fdq h{lvw wzr orfdo rswlpd1 Zh dyrlg qrqfrqfdylwlhv
e| dvvxplqj wkdw wkh frvwv ri lqirupdwlrq dftxlvlwlrq lqyhvwphqwv  duh elj hqrxjk wr
jxdudqwhh d xqltxh rswlpxp1
44
rqhv1 Frpshwlqj upv gr qrw lqwhuqdol}h wkh qhjdwlyh hhfw ri wkhlu lqyhvw0
phqw rq wkh h{shfwhg uhyhqxh ri wkhlu ulydo1 Wkhuhiruh upv ryhulqyhvw lq
ghyhorsphqw/ zklfk lv vkrzq lq wkh uhpdlqghu ri wklv vxevhfwlrq1
Diwhu revhuylqj wkh vljqdov/ |/ dqg jlyhq h{shfwhg ulydo*v uhvhdufk lqyhvw0
phqw/ o / up  xsgdwhv klv eholhiv E>E|(-c oc  >E|(-c o/ dqg fkrrvhv
ghyhorsphqw lqyhvwphqwv wkdw pd{lpl}h klv h{shfwhg surw1 Wklv jlyhv uvw0
rughu frqglwlrqv
E` {( ' .Ewm|c -(/ iru c  ' c 2/ dqg  9' c
zlwk .Ewm|(-c o ' >E|(-c ow n E >E|(-c ow1
Zkhq dw ohdvw rqh ri wkh upv revhuyhv d jrrg vljqdo/ upv ohduq wkdw
wkhlu surmhfw lv hdv|1 Ilup *v srvwhulru eholhi lv >E|c  ' / dqg klv uvw0rughu
frqglwlrq jlyhv klv uhdfwlrq ixqfwlrq iru ghyhorsphqw lqyhvwphqwv1 Ilupv*
uhdfwlrq ixqfwlrqv vorsh grzqzdug1 Zkhq up  lqyhvwv pruh lq ghyhors0
phqw/ lw ehfrphv ohvv olnho| wkdw up  zloo eh wkh zlqqhu ri wkh udfh/ zklfk
ghsuhvvhv klv h{shfwhg sul}h/ dqg klv lqfhqwlyh wr lqyhvw1 Erwk upv* uhdfwlrq





 e(E|( w ' 
2
w e(E|2/ iru  ' c 2
Zkhqhyhu erwk upv uhfhlyh d edg vljqdo/ wkh| uhpdlq xqfhuwdlq derxw
wkh wuxh vwdwh ri wkh surmhfw1 Ghshqglqj rq wkh lqirupdwlrq dftxlvlwlrq lq0
yhvwphqwv/ hdfk up xsgdwhv klv eholhiv derxw wkh surmhfw*v frpsoh{lw|/ dqg
irupv eholhiv >E|c |(-c o '
RE3-E3o
RE3-E3on3R
1 Iurp erwk upv* uhdfwlrq
ixqfwlrqv zh ghulyh htxloleulxp lqyhvwphqwv dqg h{shfwhg surwv=
e(E|c |(- ' `
w n Eo n {

w n Eo
w n E-c o
dqg




Ew n E-c o e(E-2
Dorqj wkh htxloleulxp sdwk h{shfwdwlrqv derxw ulydo*v uhvhdufk lqyhvwphqwv
duh uhdol}hg/ l1h1 eo ' e- iru  ' c 2/ dqg zh rewdlq wkdw e(E|c |( e- 	 e(E|
iru doo e-1
Vxssrvh wkdw upv* uhvhdufk lqyhvwphqwv rqo| uhvxow lq edg vljqdov1 Wkh
juhdwhu d up*v lqirupdwlrq dftxlvlwlrq lqyhvwphqwv/ -/ wkh kljkhu klv h{0
shfwhg frvwv ri ghyhorsphqw lqyhvwphqwv/ dqg wkh pruh fdxwlrxv wkh ghyhors0
phqw lqyhvwphqwv1 Shvvlplvwlf upv lqyhvw ohvv wkdq rswlplvwlf rqhv1 Wkhuh0
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Wkhvh qglqjv duh txdolwdwlyho| lghqwlfdo wr wkrvh vxppdul}hg lq ohppd 4
iru h!flhqw ghyhorsphqw lqyhvwphqwv1
Jlyhq d vljqdo frpelqdwlrq |/ upv ryhulqyhvw frpsduhg wr wkh h!flhqw
lqyhvwphqwv= e(E|(- : (E|(-1 Wklv lv gxh wr wkh idfw wkdw frpshwlqj
upv gr qrw lqwhuqdol}h wkh qhjdwlyh hhfw ri wkhlu rzq ghyhorsphqw lqyhvw0
phqwv rq wkhlu ulydo*v h{shfwhg uhyhqxhv1 Ilup *v lqyhvwphqw ( pdujlqdoo|
ghfuhdvhv up *v uhyhqxh zlwk ({1 Wkhuhiruh upv lqyhvw pruh djjuhv0
vlyho| wkdq zrxog eh h!flhqw iru wkhp1 Wklv lv d frpprq revhuydwlrq lq
wkh olwhudwxuh rq U)G udfhv1 Frpshwlwlrq ohdgv wr ryhulqyhvwphqwv/ zklfk
lv vwdwhg lq wkh iroorzlqj sursrvlwlrq1
Ohppd 5 Iru wkh jdph zlwk sxeolf vljqdov upv ryhulqyhvw lq htxloleulxp=e(E|(- : (E|(- iru doo |/ -/ dqg o/ zlwk  ' c 21 Doo txdolwdwlyh surshu0
wlhv ri ohppd 4 krog wuxh iru e(E wrr1
715 Sxeolf Vljqdo Uhvhdufk Lqyhvwphqwv
Zrunlqj edfnzdugv/ zh fdofxodwh wkh htxloleulxp lqirupdwlrq dftxlvlwlrq lq0
yhvwphqwv jlyhq wkh htxloleulxp ghyhorsphqw lqyhvwphqwv1 Ilup  fkrrvhv
- wkdw pd{lpl}hv h{shfwhg surw E-c e(/ jlyhq htxloleulxp ghyhorsphqw
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Qrwlfh wkdw pdujlqdo uhyhqxhv frqwdlq wzr lqirupdwlrqdo hhfwv qrz1 Wkh
uvw hhfw fdswxuhv wkh pdujlqdo lqfuhdvh lq uhyhqxh diwhu pruh uhvhdufk uh0
vxowv lq mxpslqj iurp d edg wr d jrrg vljqdo1 Krzhyhu/ zkhq edg vljqdov
shuvlvw ghvslwh lqfuhdvhg uhvhdufk/ wkhq wkh lqfuhdvh lq uhvhdufk ohdgv wr jurz0
lqj shvvlplvp dqg orzhu h{shfwhg uhyhqxhv1 Wkh vhfrqg hhfw fdswxuhv wklv
orvv lq h{shfwhg uhyhqxhv gxh wr upv* jurzlqj shvvlplvp diwhu shuvlvwhqfh
ri edg qhzv1 Ilupv lqwhuqdol}h wkh vhfrqg hhfw lq wkh h!flhqw rxwfrph1
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Lq htxloleulxp upv* h{shfwdwlrqv derxw uhvhdufk lqyhvwphqwv duh uhdol}hg/
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Zkhq zh irfxv rq v|pphwulf htxloleuld + e- ' e-2,/ zh fdq vkrz wkdw upv
xqghulqyhvw lq uhvhdufk1 Vlqfh vljqdov duh sxeolf/ dqg upv fdq ohduq iurp
hdfk rwkhuv* vljqdov/ wkh| kdyh dq lqfhqwlyh wr iuhh0ulgh rq wkhlu ulydo*v lqiru0
pdwlrq dftxlvlwlrq lqyhvwphqwv1
Sursrvlwlrq 4 V|pphwulf htxloleulxp uhvhdufk lqyhvwphqwv lq wkh udfh zlwk
sxeolf vljqdov gr qrw h{fhhg wkh h!flhqw lqyhvwphqwv= -  e- iru  ' c 21
Iru lqwhulru htxloleulxp dqg h!flhqw uhvhdufk lqyhvwphqwv wkh lqhtxdolw| lv
vwulfw1
Lw lv h!flhqw wr lqyhvw pruh wkdq e-/ ehfdxvh wkh h!flhqw lqyhvwphqwv
lqwhuqdol}h wkh srvlwlyh h{whuqdolw| ri lqirupdwlrqdo vslooryhuv dprqj upv1
Li up *v uhvhdufk ohdgv wr d jrrg vljqdo/ wklv lpsuryhv erwk klv rzq dqg
klv ulydo*v h{shfwhg surw1 Rq wrs ri wkdw hdfk up wdnhv lqwr dffrxqw wkdw
wkh ghfuhdvh lq klv htxloleulxp ghyhorsphqw lqyhvwphqwv iurp kljkhu uhvhdufk
lqyhvwphqwv diwhu edg qhzv lpsuryhv klv ulydo*v ghyhorsphqw surwv1 Lqwhu0
qdol}lqj wkhvh wzr hhfwv uhvxowv lq kljkhu uhvhdufk lqyhvwphqwv1
Lw zrxog eh dq lqwhuhvwlqj h{huflvh wr fkdudfwhul}h upv* h{shfwhg htxlole0
ulxp ghyhorsphqw lqyhvwphqwv jlyhq wkhlu htxloleulxp uhvhdufk lqyhvwphqwv/
dqg fkdudfwhul}h h{shfwhg htxloleulxp surwv1 Wklv zrxog vkhg pruh oljkw rq
wkh lqwhudfwlrq ehwzhhq uhvhdufk dqg ghyhorsphqw1 Vxfk dq h{huflvh dzdlwv
ixwxuh uhvhdufk1
Lq wkhvh wzr vxevhfwlrqv zh vdz wkdw upv zrxog lpsuryh wkhlu surwv li
wkh| frxog qg d zd| wr erwk orzhu ghyhorsphqw lqyhvwphqwv e(/ dqg lqfuhdvh
uhvhdufk lqyhvwphqwv e-1 Lq wkh qh{w vxevhfwlrq zh zloo vkrz wkdw uhyhqxh
vkdulqj surylghv upv zlwk d zd| wr dfklhyh wklv1
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716 Hhfwv ri Uhyhqxh Vkdulqj
Vr idu zh dvvxphg wkdw lq wkh udfh wkh zlqqhu wdnhv doo1 Wklv lv/ krzhyhu/ rqo|
dq h{wuhph zd| ri glvwulexwlqj uhyhqxhv iurp wkh lqqrydwlrq dprqj upv1
Lq jhqhudo wkh orvhu ri wkh udfh jhwv d vkduh/ j/ ri wkh uhyhqxhv1 Lq XV vsruwv
wrxuqdphqwv uhyhqxh vkdulqj lv xvhg wr ghfuhdvh upv* ryhulqyhvwphqwv lq
wdohqw1 Frrn dqg Iudqn +4<<8, revhuyh wkh iroorzlqj=
Uhyhqxh vkdulqj  wkh sudfwlfh zkhuhe| whdp rzqhuv srro dqg
vkduh jdwh dqg whohylvlrq uhyhqxhv zlwk hdfk rwkhu  lv dqrwkhu
frpprq ghylfh iru olplwlqj h{shqglwxuhv1 Ehfdxvh idqv vwurqjo|
suhihu wr zdwfk zlqqlqj whdpv/ wkhuh lv d vwurqj olqn ehwzhhq
d whdp*v zlqqlqj shufhqwdjh dqg wkh dprxqw ri whohylvlrq dqg
jdwh uhyhqxhv wkh whdp jhqhudwhv1 Zlwkrxw uhyhqxh vkdulqj/ rzq0
huv wkxv idfh srzhuixo lqfhqwlyhv wr elg iru vwdu sod|huv/ frdfkhv/
vfrxwv/ dqg rwkhu lqsxwv wkdw pdnh zlqqlqj pruh olnho|1 Uhyhqxh
vkdulqj zhdnhqv wkhvh lqfhqwlyhv dqg wkxv khosv wr uhvwudlq sod|hu
vdodulhv dqg rwkhu nh| frvwv1 ^Iudqn dqg Frrn +4<<8,/ ss 49<`
Lq wkh udfh iru d sdwhqw uhyhqxh vkdulqj vkrxog kdyh wkh vdph ghvludeoh
hhfw rq ghyhorsphqw ryhulqyhvwphqwv1 Exw lq wkh udfh iru d sdwhqw uhyhqxh
vkdulqj kdv dq hhfw rq wkh upv* lqfhqwlyhv wr lqyhvw lq ghyhorsphqw exw dovr
rq lqfhqwlyhv wr lqyhvw lq lqirupdwlrq dftxlvlwlrq1 Lq zkdw gluhfwlrq wkhvh
hhfwv srlqw/ lv vwxglhg khuh1 Zh dujxh wkdw uhyhqxh vkdulqj lqwurgxfhv d
iuhh0ulghu lqfhqwlyh lq wkh ghyhorsphqw vwdjh zklfk ghsuhvvhv ghyhorsphqw
lqyhvwphqwv1 Iru uhvhdufk uhyhqxh vkdulqj lqwurgxfhv wkh iroorzlqj hhfw1
Zkhq uhvhdufk lqyhvwphqwv uhvxow lq d jrrg vljqdo/ wkhq wklv lqfuhdvhv wkh
h{shfwhg uhyhqxh ri d up*v ulydo wrr1 Vlqfh sduw ri wkh uhyhqxhv duh vkduhg/
wklv jlyhv hdfk up d eljjhu lqfhqwlyh wr lqyhvw lq uhvhdufk1 Dq hhfw lq
wkh rssrvlwh gluhfwlrq uhvxowv iurp wkh idfw wkdw lq devroxwh whupv upv*
ghyhorsphqw lqyhvwphqwv duh orzhu wkdq lq wkh zlqqhu0wdnhv0doo udfh/ zklfk
zrxog uhgxfh wkh lqfhqwlyh wr lqyhvw lq uhvhdufk1 Krzhyhu/ lqlwldoo| erwk
lqyhvwphqwv fkdqjh lq wkh uljkw gluhfwlrq1 Wklv lv wkh pdlq srlqw pdgh lq
wkh uhpdlqghu ri wklv vxevhfwlrq1
Revhuyh wkdw iru j ' f/ zh duh lq wkh zlqqhu0wdnh0doo udfh/ dqg iru
j ' 
2
upv vkduh wkh sul}h htxdoo|1 Vxfk d vkduh lq wkh uhyhqxh dhfwv upv*
lqfhqwlyhv wr lqyhvw1 Lq wklv vxevhfwlrq zh fkdudfwhul}h wkh uhyhqxh vkduh wkdw
eulqjv upv* htxloleulxp lqyhvwphqwv forvhu wr wkh h!flhqw lqyhvwphqwv1 Lq
wkh iroorzlqj sdudjudskv zh vroyh wkh jdph edfnzdugv iru dq| uhyhqxh vkduh
j 5 dfc o1
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 Jlyhq uhyhqxh vkduh j dqg frvw sdudphwhu w ghyhorsphqw surwv duh=




' ZE(( w n j E( (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Wklv fkdqjhv uvw0rughu frqglwlrqv lqwr=
E j` ({ ' .Ewm|c -(c
zlwk .Ewm|c - wkh h{shfwhg frvwv/ ghshqglqj rq uvw0vwdjh vljqdov dqg uh0
vhdufk lqyhvwphqw1 Qrwh wkdw pdujlqdo h{shfwhg uhyhqxhv duh uhgxfhg zlwk
j` iurp lqwurgxflqj uhyhqxh vkdulqj/ zkloh pdujlqdo frvwv uhpdlq wkh vdph1
Wkhuhiruh/ htxloleulxp ghyhorsphqw lqyhvwphqwv ghfuhdvh lq wkh uhyhqxh vkduh
j1 Wkh pdujlqdo hhfw ri up *v ghyhorsphqw lqyhvwphqw rq up *v h{0
shfwhg surwv lv qrz j` ({1 Khqfh wkh qhjdwlyh h{whuqdolw| ({ ri
wkh zlqqhu0wdnhv0doo udfh lv uhgxfhg e| j` 1 Vkdulqj uhyhqxhv pdnhv upv
ohvv djjuhvvlyh frpshwlwruv/ ehfdxvh wkhlu surwv duh pruh lqwhughshqghqw1
Ghyhorsphqw lqyhvwphqwv dqg surwv duh
e(Ej ' E j e(/ dqg
ZE e(Ej( w.mj ' E j2eZE|(- n E jj e(`
iru  ' c 21 Qrwlfh wkdw htxloleulxp ghyhorsphqw lqyhvwphqwv udqjh iurp
f/ lq wkh orvhu0wdnhv0doo udfh +j ' ,/ wr e(/ lq wkh zlqqhu0wdnhv0doo
udfh +j ' f,1 Lq wkh htxdo0vkdulqj udfh/ j ' 
2
/ upv xqghulqyhvw lq
ghyhorsphqw1 Iurp wkh uvw0rughu frqglwlrqv 
2






w.(/ dqg wkh v|pphwu| ri htxloleulxp lw iroorzv lpphgldwho|
wkdw e(E2 	 (1
Wkhvh uhvxowv duh vxppdul}hg lq wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 5 Iru wkh udfh zlwk sxeolf vljqdov dqg uhyhqxh vkduh j wkh iro0
orzlqj krogv1




f iru doo j1
+ll, Ilupv xqghulqyhvw lq wkh htxdo0vkdulqj ghyhorsphqw htxloleulxp= e(E|c -m2 
(E|c - iru doo |c -c o1
 Qrz zh fdofxodwh htxloleulxp uhvhdufk lqyhvwphqwv jlyhq htxloleulxp gh0
yhorsphqw lqyhvwphqwv1 Wr ghulyh uvw0rughu frqglwlrqv/ lw lv xvhixo wr uhfdoo
krz htxloleulxp ghyhorsphqw surwv zlwk uhyhqxh vkdulqj uhodwh wr wkrvh
49
zlwkrxw uhyhqxh vkdulqj1 Wklv jlyhv wkh iroorzlqj uvw0rughu frqglwlrqv iru
up *v uhvhdufk1




 e(E|( w Z  e(E|c |(-( wrn





q e(E| e(E|c |( or
Erwk upv* uvw0rughu frqglwlrqv ghwhuplqh wkh uhvhdufk htxloleulxp lqyhvw0
phqwv1 Wkh uvw wzr whupv ri up *v pdujlqdo uhyhqxhv wudgh r vlplodu
lqirupdwlrqdo hhfwv dv lq wkh suhylrxv vxevhfwlrq1 Wkh| duh klv zlqqhu0
wdnhv0doo pdujlqdo uhyhqxhv/ dv lq h{suhvvlrq +6,/ zkhuh zh fruuhfw iru wkh
idfw wkdw wkh up fdq rqo| nhhs E j ri klv jhqhudwhg uhyhqxh/ dqg wkdw
upv* lqfhqwlyhv wr lqyhvw lq ghyhorsphqw duh uhgxfhg zlwk idfwru E  j1
Wkh odvw whup lv h{dfwo| wkh fkdqjh lq uhyhqxh wkdw up  h{shfwv wr uhfhlyh
iurp klv ulydo diwhu pdnlqj klp pruh rswlplvwlf e| surylglqj wkh lqgxvwu|
zlwk d jrrg vljqdo1 Uhphpehu wkdw vkduh j ri up *v ghyhorsphqw uhyhqxhv
vsloo ryhu wr up / zkloh htxloleulxp ghyhorsphqw lqyhvwphqwv duh uhgxfhg
zlwk idfwru E j1
Lq htxloleulxp h{shfwdwlrqv duh uhdol}hg1 Wkh htxloleulxp uhvhdufk lqyhvw0
phqwv e-Ej duh wkhq wkh vroxwlrq wr=




E j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 n jg'E-r c +8,
zlwk g-E- dv ghqhg lq +7,/ dqg
g'E-  RE-` q e(E| e(E|c |( or ' RE-` 2E-
Ew n{Ew n E- n {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Gxh wr wkh prgho*v v|pphwu|/ upv* uhvhdufk lqyhvwphqwv duh v|pphwulf1
Lq wkh uhpdlqghu ri wklv vxevhfwlrq zh fkdudfwhul}h wkh htxloleulxp uhvhdufk
lqyhvwphqwv/ e-Ej/ e| ghulylqj krz lqyhvwphqw ghshqgv rq wkh lqgxvwu|*v
sul}h vkduh j1
Zh vkrz wkdw uhvhdufk lqyhvwphqwv gr qrw ghfuhdvh diwhu lqwurgxflqj d
vx!flhqwo| vpdoo uhyhqxh vkduh j : f1 Lqfuhdvlqj wkh uhyhqxh vkduh kdv wzr
frq lfwlqj hhfwv1 Dw wkh rqh kdqg lw lqwhuqdol}hv d iudfwlrq ri wkh srvlwlyh
lqirupdwlrqdo h{whuqdolwlhv iurp uhvhdufk/ zklfk lqfuhdvhv upv* lqfhqwlyhv wr
lqyhvw lq uhvhdufk1 Krzhyhu/ zkhq wkh uhyhqxh vkduh lv lqfuhdvhg wklv vkulqnv
wkh ghyhorsphqw lqyhvwphqwv/ dqg frqvhtxhqwo| upv* uhyhqxhv ri uhvhdufk1
Wkh htxloleulxp uhvhdufk lqyhvwphqw wudghv r lqwhuqdol}lqj lqirupdwlrqdo
4:
h{whuqdolwlhv ri uhvhdufk djdlqvw iuhh0ulghu hhfwv lq ghyhorsphqw1 Wklv lv
vxppdul}hg lq wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 6 Iru wkh udfh zlwk sxeolf vljqdov lq zklfk upv pdnh srv0
lwlyh uhvhdufk lqyhvwphqwv lq wkh zlqqhu0wdnhv0doo udfh/ e-Ef : f/ wkhuh
lv d uhyhqxh vkduh ej 5 Efc 
2
 vxfk wkdw htxloleulxp uhvhdufk lqyhvwphqwv duh
lqfuhdvlqj iru doo j 	 ej dqg ghfuhdvlqj iru doo j : ej1
D gluhfw frqvhtxhqfh ri wklv sursrvlwlrq lv wkdw wrwdo surwv duh lqfuhdvhg
e| lqwurgxflqj d +vpdoo, srvlwlyh uhyhqxh vkduh lq wkh zlqqhu0wdnhv0doo udfh1
Vlqfh erwk ryhulqyhvwphqwv lq ghyhorsphqw dqg xqghulqyhvwphqwv lq uhvhdufk
duh uhgxfhg/ wrwdo surwv duh lqfuhdvhg1
8 Udfh zlwk Sulydwh Vljqdov
Lq wkh suhylrxv vhfwlrq zh dvvxphg wkdw wkh upv* vljqdov duh sxeolf1 Krz0
hyhu vxfk dq dvvxpswlrq qhhg qrw eh uhdolvwlf1 Lq wklv vhfwlrq zh pdnh wkh
dvvxpswlrq wkdw lqirupdwlrq lv sulydwh wr wkh upv dqg fdqqrw eh uhyhdohg wr
ulydov1 Zh ghulyh wkh htxloleulxp lqyhvwphqw ohyhov dqg frpsduh wkhp zlwk
wkrvh ri upv zlwk sxeolf vljqdov1
814 Sulydwh Vljqdo Ghyhorsphqw Lqyhvwphqwv
Zkhq vljqdov duh sulydwh lqirupdwlrq wr upv/ upv fdq frqglwlrq wkhlu gh0
yhorsphqw lqyhvwphqwv rq wkhlu rzq vljqdo rqo|1 D jrrg vljqdo uhfhlyhg e|
rqh up grhv qrw lpso| wkdw erwk upv ehfrph rswlplvwlf derxw ghyhors0
phqw frvwv1 Lw lv srvvleoh wkdw wkh rwkhu up lv xqoxfn| dqg uhfhlyhv d edg
vljqdo1 Wkhuhiruh wkh h{shfwhg ulydo wr d up zlwk d jrrg sulydwh vljqdo lv
ohvv djjuhvvlyh wkdq wkh ulydo wr d up zlwk d jrrg sxeolf vljqdo1 Wklv pdnhv
htxloleulxp ghyhorsphqw lqyhvwphqwv ri d jrrg sulydwh vljqdo up h{fhhg
wkrvh ri d jrrg sxeolf vljqdo up1 Zkhq erwk upv uhfhlyh d edg sulydwh
vljqdo/ d up idfhv wkh iroorzlqj wudgh0r1 Rq wkh rqh kdqg d up zlwk
rqo| rqh edg vljqdo lv pruh rswlplvwlf derxw ghyhorsphqw frvwv/ ehfdxvh kh
grhv qrw srro klv lqirupdwlrq zlwk klv ulydo1 Krzhyhu/ rq wkh rwkhu kdqg/
wkh up h{shfwv d pruh djjuhvvlyh ulydo frpsduhg wr wkh udfh zlwk sxeolf
vljqdov1 Wkh uvw hhfw hqfrxudjhv/ zkloh wkh vhfrqg hhfw glvfrxudjhv ghyho0
rsphqw lqyhvwphqwv1 Zh vkrz wkdw wkh lqirupdwlrqdo hhfw grplqdwhv wkh
vwudwhjlf hhfw dorqj wkh htxloleulxp sdwk1 Wklv lv grqh lq wkh uhpdlqghu ri
wklv vxevhfwlrq1
4;
Jlyhq sulydwh vljqdov/ dqg up  h{shfwv klv ulydo*v lqirupdwlrq dftxlvlwlrq
lqyhvwphqwv duh o / klv uhdfwlrq ixqfwlrqv duh wkh iroorzlqj=
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Wkh htxloleulxp ghyhorsphqw lqyhvwphqwv ri d up zlwk d edg vljqdo/ (W E|(-/
ghshqgv rq klv lqyhvwphqwv lq lqirupdwlrq dftxlvlwlrq/ -1 Li wkh up nhhsv
uhfhlylqj d edg vljqdo ghvslwh wkh idfw wkdw kh lqyhvwhg pruh lq lqirupdwlrq
dftxlvlwlrq/ kh ehfrphv pruh shvvlplvwlf derxw wkh frpsoh{lw| ri wkh surmhfw1
Wkh up*v jurzlqj shvvlplvp kdv wzr hhfwv1 Iluvw/ wkh up h{shfwv kljkhu
ghyhorsphqw frvwv1 Wklv ghfuhdvhv klv ghyhorsphqw lqyhvwphqwv1 Vhfrqg/ kh
dwwdfkhv d vwurqjhu eholhi wr wkh frqwlqjhqf| wkdw klv ulydo dovr uhfhlyhv d edg
vljqdo/ l1h1  E- ghfuhdvhv1 D ulydo zlwk d edg vljqdo lv d zhdnhu frpshwlwru/
zklfk hqfrxudjhv wkh up*v ghyhorsphqw lqyhvwphqwv1 Wkhvh wzr hhfwv duh
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Dorqj wkh htxloleulxp sdwk/ zkhuh h{shfwdwlrqv duh uhdol}hg dqg v|pphwulf/
l1h1 oW ' -
W
 ' - iru  ' c 2/ wkh gluhfw hhfw rxwzhljkv wkh lqgluhfw hhfw1
Ghyhorsphqw lqyhvwphqwv ri d up zlwk edg qhzv ghfuhdvhv lq klv uhvhdufk
lqyhvwphqwv1 H{shfwhg htxloleulxp ghyhorsphqw surwv jlyhq | ' | dqg





























Dorqj wkh htxloleulxp sdwk/ zkhuh upv lqyhvw htxdo dprxqwv lq lq0
irupdwlrq dftxlvlwlrq dqg h{shfwdwlrqv frqfhuqlqj lqyhvwphqwv duh ixooohg/
o ' - ' -/ ghyhorsphqw lqyhvwphqwv duh wkh iroorzlqj=
(W E|(- '
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 Ew n )E- n E-   E-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4<
Lw lv lpphgldwh wkdw (W E|(- : (
W
 E|(-1 D up zlwk d edg vljqdo lv pruh
uhoxfwdqw wr lqyhvw lq wkh ghyhorsphqw ri wkh lqwhuphgldwh lqqrydwlrq wkdq d
up zlwk d jrrg vljqdo1
Vlqfh d ulydo zlwk d edg vljqdo lqyhvwv ohvv wkdq rqh zlwk d jrrg vlj0
qdo/ d |0up h{shfwv klv ulydo wr lqyhvw ohvv djjuhvvlyho| wkdq zlwk sxeolf
vljqdov1 Wklv phdqv wkdw d up zlwk d jrrg sulydwh vljqdo lqyhvwv pruh lq
ghyhorsphqw wkdq d up zlwk d jrrg sxeolf vljqdo/ surylghg wkdw lqirupd0
wlrq dftxlvlwlrq lqyhvwphqwv duh v|pphwulf +- ' -2, dqg h{shfwdwlrqv duh
uhdol}hg= (W E|(- 
e(E| iru doo -1
Qrz frqvlghu wkh vlwxdwlrq lq zklfk qdwxuh fkrvh wzr edg vljqdov/ E7|c 7|1
Iru hdfk up wkhuh duh wzr hhfwv zkhq zh wxuq iurp d sxeolf wr d sulydwh
edg vljqdo1 Iluvw/ wkh up ehfrphv pruh rswlplvwlf derxw klv frvwv1 Vlqfh
kh frqglwlrqv klv eholhiv rqo| rq klv rzq edg vljqdo/ h{shfwhg frvw lv orzhu1
Wklv gulyhv wkh up*v lqyhvwphqwv xs1 Vhfrqg/ kh h{shfwv kljkhu lqyhvwphqwv
iurp klv ulydo1 Wklv ghfuhdvhv wkh up*v lqyhvwphqw lqfhqwlyhv1 Wkh gluhfw
frvw hhfw rxwzhljkv wkh lqgluhfw hhfw ri ulydo*v h{shfwhg lqyhvwphqwv/ zkhq
lqirupdwlrq dftxlvlwlrq lqyhvwphqwv duh v|pphwulf dqg h{shfwdwlrqv duh uhdo0
l}hg1 Wkhuhiruh d up zlwk d sulydwh edg vljqdo lqyhvwv pruh lq ghyhorsphqw
wkdq d up zlwk edg sxeolf vljqdo= (W E7|(- :
e(E|c |(- iru doo -1
Lq wkh vlwxdwlrq lq zklfk wkhuh lv rqh up zkr uhfhlyhv d jrrg vljqdo zkloh
wkh rwkhu uhfhlyhv d edg vljqdo/ htxloleulxp lqyhvwphqwv iru upv zlwk sulydwh




e(E|c 7| 	 f1 Djdlq/ wklv krogv surylghg wkdw - ' -2/ dqg
wkdw h{shfwdwlrqv duh ixooohg1
Zh vxppdul}h wkh qglqjv ri wklv vxevhfwlrq lq wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 7 Lq wkh udfh zlwk sulydwh vljqdov zkhuh h{shfwhg uhvhdufk lq0
yhvwphqwv duh v|pphwulf dqg uhdol}hg/ zlwk oW ' -
W
 ' - 	 / htxloleulxp
ghyhorsphqw lqyhvwphqwv duh vxfk wkdw/ iru  ' c 2=
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
815 Sulydwh Vljqdo Uhvhdufk Lqyhvwphqwv
Lq wkh uvw vwdjh ri wkh udfh upv lqyhvw lq lqirupdwlrq dftxlvlwlrq1 Wkh lq0
irupdwlrq wkdw hdfk up dftxluhv uhpdlqv sulydwh lqirupdwlrq iru wkdw up1
Wkh iuhh0ulghu lqfhqwlyh lq uhvhdufk wkdw h{lvwv lq wkh udfh zlwk sxeolf vljqdov
lv qr orqjhu suhvhqw1 Ilupv zloo wkhuhiruh lqyhvw pruh lq uhvhdufk zkhq wkh
zlqqhu wdnhv doo1 Zkhq upv vkduh uhyhqxhv/ lw lv qrw fohdu lq zklfk gluhf0
wlrq htxloleulxp uhvhdufk lqyhvwphqwv fkdqjh1 Zh kdyh vhhq wkdw iru sxeolf
vljqdov wkhuh duh wzr iuhh0ulghu hhfwv1 Iluvw wkhuh lv wkh gluhfw hhfw/ wkdw d
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up*v rzq uhyhqxhv duh qhjdwlyho| dhfwhg ehfdxvh dovr wkh up*v ulydo ohduqv
iurp klv uhvhdufk1 Exw/ vhfrqg/ wkh ulydo*v ohduqlqj kdv d srvlwlyh lqgluhfw
hhfw wkurxjk uhyhqxh vkdulqj1 Zh vxevwdqwldwh wkhvh revhuydwlrqv lq wkh
uhpdlqghu ri wklv vxevhfwlrq1
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D pdujlqdo lqfuhdvh lq up *v uhvhdufk lqyhvwphqwv wkdw jlyhv up  d
jrrg vljqdo grhv qrw gluhfwo| dhfw up *v lqyhvwphqwv/ ehfdxvh wkh up*v
vljqdo lv sulydwh lqirupdwlrq1 Wkhuhiruh wkh uhyhqxh wkdw up  uhfhlyhv iurp
klv ulydo/ wkurxjk uhyhqxh vkduh j/ lv qr orqjhu dhfwhg e| klv uhvhdufk lq0
yhvwphqwv1 Wkh lqfhqwlyh wr lqyhvw lq uhvhdufk iru up  qrz rqo| ghshqgv
rq wkh dssursuldelolw| ri klv uhvhdufk lqyhvwphqwv/ zklfk lv wkh vkduh ri klv
rzq uhyhqxh wkdw wkh up nhhsv/ l1h1  j1 Wkh pruh uhyhqxh vsloov ryhu wr
wkh ulydo/ wkh ohvv ydoxdeoh klv rzq uhvhdufk ehfrphv iru wkh up1 Wkhuhiruh
zh revhuyh wkdw hdfk up*v htxloleulxp uhvhdufk lqyhvwphqw ghfuhdvhv lq wkh
uhyhqxh vkduh j1
Ohppd 6 Lq wkh udfh zlwk sulydwh vljqdov/ iru doo uhyhqxh vkduhv j 5 dfc o
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Lq wkh zlqqhu0wdnhv0doo udfh htxloleulxp uhvhdufk lqyhvwphqwv lq dftxlu0
lqj sulydwh vljqdov h{fhhg wkrvh ri wkh htxloleulxp zlwk sxeolf vljqdov1 Vlqfh
upv fdq qr orqjhu iuhh ulgh rq wkhlu ulydo*v lqyhvwphqwv dqg vljqdov/ wkh|
kdyh dq lqfhqwlyh wr lqyhvw pruh lq lqirupdwlrq dftxlvlwlrq1 Wklv lv vwdwhg lq
wkh iroorzlqj sursrvlwlrq1
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Sursrvlwlrq 8 Lq wkh zlqqhu0wdnhv0doo  udfh +j ' f, upv lqyhvw lq htxl0
oleulxp pruh lq dftxlulqj sulydwh wkdq sxeolf vljqdov= -W Ef 
e-Ef1 Wklv
krogv zlwk vwulfw lqhtxdolw| zkhqhyhu upv fkrrvh lqwhulru htxloleulxp uh0
vhdufk lqyhvwphqwv1
Pruh lqvljkw lq wkh lqwhudfwlrq ehwzhhq uhvhdufk dqg ghyhorsphqw frxog
eh jdlqhg iurp wkh fkdudfwhul}dwlrq ri upv* h{shfwhg htxloleulxp ghyhors0
phqw lqyhvwphqwv jlyhq htxloleulxp uhvhdufk lqyhvwphqwv/ dqg wkhlu htxlole0
ulxp surwv1 Dq ryhudoo frpsdulvrq ehwzhhq htxloleulxp ghyhorsphqw lq0
yhvwphqwv dqg htxloleulxp surwv iru sxeolf dqg sulydwh vljqdov zrxog forvh
wkh dqdo|vlv1 Wklv h{huflvh dzdlwv ixwxuh uhvhdufk1
9 Vwudwhjlf Uhyhodwlrq
Lq wklv vhfwlrq zh h{whqg wkh jdph e| dgglqj dq lqirupdwlrq uhyhodwlrq vwdjh1
Diwhu upv lqyhvwhg lq uhvhdufk dqg uhfhlyhg wkhlu sulydwh vljqdo/ upv fkrrvh
zkdw phvvdjh wr vhqg wr wkhlu ulydo1 Diwhu upv uhfhlyhg hdfk rwkhu*v phvvdjh/
wkh| lqyhvw lq ghyhorsphqw1 Ilupv kdyh dq lqfhqwlyh wr pdqlsxodwh wkhlu
lqirupdwlrq lq rughu wr dowhu wkhlu ulydo*v eholhiv/ dqg frqvhtxhqwo| fkdqjh
frpshwlwlrq lq wkh ghyhorsphqw vwdjh lq wkhlu idyru1 Ilupv lq d zlqqhu0
wdnhv0doo udfh kdyh dq lqfhqwlyh wr pdnh wkhlu ulydo dv shvvlplvwlf dv srvvleoh
wr glvfrxudjh ulydo*v ghyhorsphqw lqyhvwphqwv1 Iru kljk uhyhqxh vkduhv upv
kdyh dq lqfhqwlyh wr pdnh wkhlu ulydo dv rswlplvwlf dv srvvleoh1 Dq rswlplvwlf
ulydo lqyhvwv uhodwlyho| pxfk/ dqg wkh uhyhdolqj up fdq wdnh d iuhh ulgh
rq wkh uhyhqxh jhqhudwhg e| wkrvh lqyhvwphqwv1 Wkh h{whqw wr zklfk upv
fdq dfwxdoo| pdqlsxodwh ulydo*v eholhiv dqg lqyhvwphqwv dqg wkh gluhfwlrq lq
zklfk wklv kdsshqv lv wkh pdlq wrslf ri wklv vhfwlrq1 W|slfdoo| zh duh dovr
lqwhuhvwhg lq ohduqlqj lq zkdw gluhfwlrq upv zdqw wr vkliw ulydo*v lqyhvwphqwv
iru lqwhuphgldwh uhyhqxh vkduhv1
Zh pdnh wzr glvwlqfw lqirupdwlrqdo dvvxpswlrqv1 Iluvw zh dqdo|}h zkdw
lqirupdwlrq lv uhyhdohg zkhq upv* lqirupdwlrq lv qrq0yhuldeoh1 Zh gr
wklv lq wkh qh{w vxevhfwlrq1 Krz upv* lqfhqwlyhv dqg srvvlelolwlhv wr uhyhdo
lqirupdwlrq duh dhfwhg zkhq lqirupdwlrq lv frvwohvvo| yhuldeoh lv vwxglhg
lq wkh vhfrqg vxevhfwlrq1
914 Qrq0yhuldeoh Lqirupdwlrq
Lq wklv vxevhfwlrq zh dvvxph wkdw upv fdqqrw yhuli| wkh wuxwkixoqhvv ri wkhlu
ulydo*v phvvdjhv1 Wklv pdnhv lw frvwohvv iru upv wr olh derxw wkhlu vljqdo1
Vlqfh o|lqj lv iru iuhh dqg wkhuh lv dozd|v d up zlwk lqfhqwlyhv wr olh/ upv
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qhyhu ixoo| uhyhdo wkhlu vljqdov1 Zh hvwdeolvk wklv lq wklv vxevhfwlrq1 Rxu
frqwulexwlrq lv khuh wr vkrz wkdw hyhq iru lqwhuphgldwh uhyhqxh vkduhv upv*
lqfhqwlyhv duh qrw doljqhg1 Qdwxudoo|/ d up*v ulydo lv dzduh ri wkh vwudwhjlf
qdwxuh ri wkh up*v phvvdjhv/ dqg zloo eh ohvv zloolqj wr uho| rq wkh up*v
lqirupdwlrq1 Lq idfw zh fdq vkrz wkdw wkhuh dozd|v lv dq htxloleulxp lq zklfk
qr lqirupdwlrq lv uhyhdohg1 Wkdw lv/ lqyhvwphqwv iru wkh udfh lq sulydwh vljqdov
duh htxloleulxp lqyhvwphqwv lq wklv vlwxdwlrq1
Vlqfh lqirupdwlrq lv qrq0yhuldeoh/ upv fdq pdnh dq| vwdwhphqw derxw
wkhlu lqirupdwlrq wkh| olnh1 Irupdoo|/ diwhu hdfk up uhfhlyhg klv sulydwh
vljqdo/ upv vlpxowdqhrxvo| fkrrvh wkhlu uhyhodwlrq uxohv E E|c -c  E7|c -/
zlwk  E|c - 5 i|c 7|j/ dqg uhyhdo lqirupdwlrq h  5 i E|c -m| ' |c 7| dqg
f  -  j dffruglqjo|1 Lqirupdwlrq lv qrw yhuldeoh iru upv1 Iru h{dpsoh/
uhyhodwlrq uxoh E E|c -c  E7|c -  E|c | jlyhv ixoo uhyhodwlrq/ zkloh uxohv
E E|c -c  E7|c -  E|c | dqg E|c | gr qrw uhyhdo dq| lqirupdwlrq wr wkh ulydo
up1 Diwhu phvvdjhv duh vhqw/ upv vlpxowdqhrxvo| lqyhvw lq ghyhorsphqw1
D qdwxudo uvw vwhs ri dqdo|vlv lv wr vhh zkhwkhu upv yroxqwdulo| uhyhdo
doo wkhlu lqirupdwlrq lq htxloleulxp1 Wklv zrxog jlyh xv lqyhvwphqwv ri wkh
udfh zlwk sxeolf vljqdov1 Iluvw frqvlghu wkh zlqqhu0wdnhv0doo udfh1 Lq wklv
udfh hdfk up kdv dq lqfhqwlyh wr pdnh klv ulydo lqyhvw dv olwwoh dv srvvleoh1
Li lw lv h{shfwhg wkdw d up ixoo| uhyhdov klv lqirupdwlrq/ wkhq wklv up kdv
dq lqfhqwlyh wr dozd|v vhqg edg qhzv1 Wkdw lv/ kh dozd|v vwdwhv | ' 7|1 Wkh
ulydo eholhyhv wklv lv wuxwkixoo| uhyhdohg lqirupdwlrq/ dqg ehfrphv shvvlplvwlf1
Wkh shvvlplvwlf ulydo lqyhvwv olwwoh lq ghyhorsphqw ri wkh surwrw|sh/ zklfk
lqfuhdvhv wkh h{shfwhg surw ri wkh vhqghu ri edg qhzv1 Vhfrqg/ frqvlghu
wkh htxdo0vkdulqj udfh zkhuh upv eholhyh wkdw wkhlu ulydo ixoo| uhyhdov
lqirupdwlrq1 Lq dq htxdo0vkdulqj udfh hdfk up kdv dq lqfhqwlyh wr pdnh
klv ulydo*v lqyhvwphqwv dv elj dv srvvleoh lq rughu wr wdnh d iuhh ulgh rq wkrvh
lqyhvwphqwv1 Wkhq d up kdv dq lqfhqwlyh wr dozd|v vhqg jrrg qhzv1 Wkh
up*v ulydo eholhyhv wkdw | zdv revhuyhg/ dqg ehfrphv rswlplvwlf derxw wkh
frvwv ri lqyhvwphqw1 Wkh ulydo*v lqyhvwphqwv lqfuhdvh/ dqg wkh vhqghu ri jrrg
qhzv wdnhv d iuhh ulgh rq wkhvh kljk lqyhvwphqwv1 Vlplodu lqfhqwlyhv wr xqghu0
ru ryhuvwdwh lqirupdwlrq h{lvw iru rwkhu uhyhqxh vkduhv1 Dqg ixoo glvforvxuh
grhv qhyhu kdsshq lq htxloleulxp/ dv lv vwdwhg lq wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 9 Iru doo uhyhqxh vkduhv j 5 dfc o/ wkhuh grhv qrw h{lvw dq
htxloleulxp ri wkh jdph zlwk vwudwhjlf uhyhodwlrq ri qrq0yhuldeoh lqirupdwlrq
lq zklfk vljqdov duh frpsohwho| uhyhdohg1
Wklv uhvxow lqglfdwhv wkdw wkh dvvxpswlrq ri sxeolfo| revhuydeoh vljqdov/
dv lq Fkrl +4<<4, dqg Pdoxhj dqg Wvxwvxl +4<<:,/ lv lqghhg d vwurqj rqh1
Zkhq wkh dvvxpswlrq lv uhod{hg dqg vljqdov fdq eh frvwohvvo| plvuhsuhvhqwhg/
frpsohwh uhyhodwlrq qr orqjhu kdsshqv lq htxloleulxp1
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Wkh srodu fdvh ri frpsohwh uhyhodwlrq lv qr uhyhodwlrq ri dq| lqirupd0
wlrq1 Qr uhyhodwlrq ri lqirupdwlrq fdq dozd|v eh vxvwdlqhg dv dq htxloleulxp1
Jlyhq wkdw wkh vwdwhphqwv ri upv frqwdlq qr lqirupdwlrq zkdwvrhyhu/ upv
ljqruh wkhp1 Vlqfh vwdwhphqwv duh ljqruhg/ qhlwkhu wuxwkixo qru idovh vwdwh0
phqwv dhfw ulydo*v lqyhvwphqwv1 Wkhuhiruh upv duh lqglhuhqw ehwzhhq doo
vwdwhphqwv/ dqg lw lv rswlpdo wr fkrrvh wkh qrq0uhyhdolqj uxoh wkdw lv frqvlv0
whqw zlwk htxloleulxp eholhiv1 Wklv lv vwdwhg lq wkh iroorzlqj ohppd1
Ohppd 7 Wkhuh lv dq htxloleulxp ri wkh jdph zlwk vwudwhjlf uhyhodwlrq ri
qrq0yhuldeoh lqirupdwlrq lq zklfk qr lqirupdwlrq lv uhyhdohg iru dq| uhy0
hqxh vkduh j 5 dfc o1
Wklv uhvxow lv vlplodu wr wkdw ri ]ly +4<<6,/ dqg lv vwdqgdug iru prghov
zlwk qrq0yhuldeoh vljqdov1 Wkh sdshu e| ]ly irfxvhv rq wkh lqfhqwlyhv ri
Frxuqrw gxrsrolvwv wr xqghuvwdwh frvwv ri surgxflqj krprjhqhrxv surgxfwv/
Lq rxu dqdo|vlv zh frqvlghu d vlwxdwlrq lq zklfk uhyhqxh vkdulqj dhfwv upv*
lqfhqwlyhv1 Dqg zh vkrz wkdw luuhvshfwlyh ri krz upv vkduh wkh uhyhqxh
iurp lqqrydwlrq/ wkh| qhyhu uhyhdo wkhlu lqirupdwlrq1 Ghshqglqj rq krz
pxfk ri wkh uhyhqxh lv vkduhg ehwzhhq upv/ upv kdyh dq lqfhqwlyh wr jlyh
ohvv +orz j,/ pruh +kljk j,/ ru erwk ohvv dqg pruh +lqwhuphgldwh j, idyrudeoh
lqirupdwlrq wr wkh ulydov1
Lw zrxog eh lqwhuhvwlqj wr vhh zkhwkhu wkhuh duh uhyhqxh vkduhv iru zklfk
uhyhodwlrq ri vrph lqirupdwlrq zloo eh fkrvhq lq htxloleulxp1 Wklv txhvwlrq
dzdlwv ixwxuh uhvhdufk1
915 Yhuldeoh Lqirupdwlrq
Lq wkh suhylrxv vxevhfwlrq zh dvvxphg wkdw upv fdq frvwohvvo| plvuhsuhvhqw
wkhlu sulydwh vljqdo1 Wkhuhiruh fuhgleoh uhyhodwlrq ri lqirupdwlrq lv qrw srv0
vleoh lq htxloleulxp1 D qdwxudo txhvwlrq wr dvn lv krz wkh uhvxowv duh dhfwhg
zkhq lqirupdwlrq lv frvwohvvo| yhuldeoh1 Wkh rqo| fkrlfh wkdw d up zlwk
yhuldeoh lqirupdwlrq kdv/ lv wr hlwkhu glvforvh klv lqirupdwlrq ru frqfhdo
lw1 Iru orz +uhvs1 kljk, uhyhqxh vkduhv upv kdyh dq lqfhqwlyh wr glvforvh
rqo| edg +uhvs1 jrrg, qhzv1 D up*v ulydo dqwlflsdwhv wklv dqg nqrzv wkdw d
frqfhdolqj up*v frvw vljqdo lv orz +uhvs1 kljk,1 Wklv hydsrudwhv d up*v srv0
vlelolwlhv wr hhfwlyho| frqfhdo lqirupdwlrq1 Krzhyhu iru lqwhuphgldwh uhyhqxh
vkduhv frpsohwh glvforvxuh lv qrw dq htxloleulxp vwudwhj|1 Iru lqwhuphgldwh
vkduhv erwk wkh kljk0 dqg orz0frvw w|sh ri upv kdyh dq lqfhqwlyh wr frqfhdo/
dqg fdq wkhuhiruh fuhgleo| gr vr1 Wklv lv vkrzq lq wkh uhpdlqghu ri wklv
vxevhfwlrq1
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Wkh vhplqdo sdshu e| Rnxqr0Ixmlzdud hw do1 +4<<3, jlyhv vx!flhqw frq0
glwlrqv rq upv* vwudwhjlf lqwhudfwlrq dqg lqirupdwlrq xqghu zklfk dq htxl0
oleulxp zlwk ixoo glvforvxuh ri sulydwh lqirupdwlrq zlwk vfhswlfdo lqihuhqfhv
h{lvwv1 Iru rxu U)G udfh qhlwkhu vx!flhqw frqglwlrq 7f qru 7g iurp Rnxqr0
Ixmlzdud hw do1 +4<<3, duh phw1 Dvvxpswlrq 7f +uhvs1 7g, vwdwhv wkdw dv d
up*v vljqdo lqfuhdvhv/ klv uhdfwlrq fxuyh vkliwv rxw +uhvs1 lq, zkloh klv ulydo*v
uhdfwlrq ixqfwlrq vkliwv lq +uhvs1 rxw, ru vwd|v wkh vdph1
Lq rxu prgho upv* vljqdov/ dqg h{shfwhg surwv/ duh fruuhodwhg1 Wkhuh0
iruh up *v pdujlqdo h{shfwhg ghyhorsphqw surw lv qrq0lqfuhdvlqj erwk lq
lwv rzq dqg lwv ulydo*v vljqdo1 Wkh qhjdwlyh uhodwlrqvkls ehwzhhq d up*v
glvforvxuh dqg klv rzq pdujlqdo surw lv d vwudwhjlf hhfw1 Diwhu glvforv0
lqj yhuldeoh jrrg qhzv/ d up glvforvhv wr eh dq djjuhvvlyh ghyhorsphqw
lqyhvwru1 Wkh qhjdwlyh uhodwlrqvkls ehwzhhq d up*v vljqdo dqg klv ulydo*v
pdujlqdo surw lv fdxvhg e| wkh lqirupdwlrqdo hhfw ri glvforvxuh1 Glvforvxuh
ri jrrg qhzv e| rqh up pdnhv wkh rwkhu up pruh rswlplvwlf zklfk vkliwv
rxw klv ghyhorsphqw uhdfwlrq ixqfwlrq1
Wkh ylrodwlrq ri wkh vx!flhqw frqglwlrqv iru frpsohwh uhyhodwlrq udlvhv wkh
txhvwlrq zkhwkhu wkh xqudyholqj uhvxow vwloo jrhv wkurxjk1 Rnxqr0Ixmlzdud
hw do1 glvfxvv d frpprq ydoxh h{dpsoh lq zklfk qhlwkhu frqglwlrq 7f qru
7g lv vdwlvhg/ exw ixoo glvforvxuh lv vwloo hvwdeolvkhg1 Wkh uhvxow lv rewdlqhg
khuh ehfdxvh wkh vwudwhjlf hhfw grplqdwhv wkh lqirupdwlrqdo hhfw1 Lq rxu
prgho wkh lqirupdwlrqdo hhfw grplqdwhv wkh vwudwhjlf hhfw/ dqg zh rewdlq
d vlplodu uhvxow iru h{wuhph uhyhqxh vkduhv1
Sursrvlwlrq : Zkhq upv* vljqdov duh frvwohvvo| yhuldeoh diwhu uhyhodwlrq/
wkhq wkhuh duh uhyhqxh vkduhv j dqg j/ zlwk f 	 j 	 j 	 / vxfk wkdw=
+l, iru j  j upv ixoo| glvforvh lq htxloleulxp zlwk vnhswlfdo lqihuhqfhv/
+ll, iru j 	 j 	 j qr lqihuhqfhv vxssruw ixoo glvforvxuh lq htxloleulxp/
+lll, iru j : j upv ixoo| glvforvh lq htxloleulxp zlwk vnhswlfdo lqihuhqfhv1
Qrwh wkdw vnhswlfdo lqihuhqfhv ri +l, dqg +lll, duh qrw lghqwlfdo1 Iru uhyhqxh
vkduhv j  j upv kdyh dq lqfhqwlyh wr frqfhdo jrrg qhzv/ zkloh wkh| kdyh
dq lqfhqwlyh wr glvforvh edg qhzv1 Wkhuhiruh upv lqihu wkdw d frqfhdolqj
up uhfhlyhg vljqdo | xqghu +l,1 Wkhvh eholhiv pdnh vwudwhjlf frqfhdophqw
ri lqirupdwlrq xqsurwdeoh1 Iru uhyhqxh vkduhv wkdw h{fhhg j upv kdyh dq
lqfhqwlyh wr frqfhdo rqo| edg qhzv1 Khqfh iru +lll, upv udwlrqdoo| lqihu wkdw
d frqfhdolqj ulydo kdv vljqdo |/ zklfk hvwdeolvkhv ixoo uhyhodwlrq1
Iru h{wuhph uhyhqxh vkduhv wkh yhuldelolw| ri upv* lqirupdwlrq hqdeohv
d up wr xqudyho klv ulydo*v sulydwh lqirupdwlrq/ dv lq Jurvvpdq +4<;4, dqg
Plojurp +4<;5,1 Vxfk d uhvxow lv wkh rssrvlwh ri rxu uhvxowv rq uhyhodwlrq lq
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wkh suhylrxv vxevhfwlrq1 Iru qrq0yhuldeoh vljqdov upv fdqqrw fuhgleo| uh0
yhdo dq| lqirupdwlrq/ zkloh iru yhuldeoh vljqdov upv fdqqrw fuhgleo| frqfhdo
lqirupdwlrq iurp wkhlu ulydo1
Xqghu +ll, erwk upv kdyh dq lqfhqwlyh wr plvuhsuhvhqw wkhlu lqirupdwlrq/
dqg ixoo glvforvxuh lv qrw fkrvhq lq htxloleulxp1 Iru lqwhuphgldwh uhyhqxh
vkduhv glhuhqw hhfwv grplqdwh iru glhuhqw up w|shv1 D up zkr uh0
fhlyhg d edg vljqdo kdv dq lqfhqwlyh wr frqfhdo vlqfh lw pdnhv klv ulydo pruh
rswlplvwlf derxw wkh frvwv ri lqyhvwphqw1 Wkh ulydo zloo lqyhvw pruh lq gh0
yhorsphqw/ dqg wkh kljk0vljqdo up fdq wdnh d iuhh ulgh rq klv ulydo*v kljkhu
h{shfwhg uhyhqxh1 D up zlwk d jrrg vljqdo kdv dq lqfhqwlyh wr frqfhdo lq0
irupdwlrq/ dqg glvfrxudjh klv ulydo lq wkh ghyhorsphqw vwdjh1 Iru wkh jrrg0
vljqdo up wkh lqirupdwlrqdo hhfw rxwzhljkv wkh iuhh0ulghu hhfw1 D vlplodu
uhvxow lv irxqg lq d glhuhqw vhwwlqj e| Khqgulfnv dqg Nryhqrfn +4<;<,1
: Revhuydeoh Uhvhdufk Lqyhvwphqwv
Lq wklv vhfwlrq zh glvfxvv krz uhvxowv ghshqg rq wkh qrq0revhuydelolw| ri
uhvhdufk lqyhvwphqwv1 Zh looxvwudwh wkh hhfw ri sxeolfo| revhuydeoh uhvhdufk
lqyhvwphqwv e| orrnlqj dw wkh fdvh lq zklfk vljqdov duh sxeolf1
Fkdqjhv lq rqh up*v sxeolfo| revhuydeoh uhvhdufk lqyhvwphqwv dhfw erwk
upv* eholhiv1 Zkhq upv nhhs uhfhlylqj edg qhzv diwhu d up lqfuhdvhv klv
uhvhdufk lqyhvwphqwv/ wklv kdv wzr frq lfwlqj hhfwv1 Iluvw wkh xvxdo hi0
ihfw lv wkdw wkh lqyhvwlqj up ghfuhdvhv klv ghyhorsphqw lqyhvwphqw/ ehfdxvh
kh ehfrphv pruh shvvlplvwlf1 Krzhyhu/ dovr wkh up*v ulydo ehfrphv pruh
shvvlplvwlf/ dqg frqwudfwv klv ghyhorsphqw lqyhvwphqwv1 Wklv vslooryhu hhfw
jlyhv wkh up d eljjhu lqfhqwlyh wr lqyhvw lq ghyhorsphqw1 Wkhuhiruh lqfuhdvhv
lq revhuydeoh uhvhdufk lqyhvwphqwv pdnh ghyhorsphqw lqyhvwphqwv diwhu edg
vljqdov ghfuhdvh ohvv vwhhso| wkdq xqrevhuydeoh uhvhdufk lqyhvwphqwv1 Wklv
kdv wzr frqvhtxhqfhv iru htxloleulxp uhvhdufk lqyhvwphqwv1 Iluvw wkh vslooryhu
hhfw pdnhv d up*v rzq h{shfwhg uhyhqxhv ri revhuydeoh uhvhdufk lqyhvw0
phqwv eljjhu wkdq wkrvh ri xqrevhuydeoh lqyhvwphqwv1 Wkhuhiruh htxloleulxp
revhuydeoh uhvhdufk lqyhvwphqwv h{fhhg htxloleulxp xqrevhuydeoh lqyhvwphqwv
lq wkh zlqqhu0wdnhv0doo udfh1 Wkh vhfrqg revhuydwlrq lv wkdw wkh vslooryhu
hhfw ghfuhdvhv ulydov* h{shfwhg uhyhqxh1 Wkhuhiruh wkh pdujlqdo ehqhw ri
uhyhqxh vkdulqj lv uhgxfhg/ zklfk pdnhv revhuydeoh htxloleulxp uhvhdufk lq0
yhvwphqwv vpdoohu wkdq xqrevhuydeoh lqyhvwphqwv lq wkh htxdo0vkdulqj udfh1
D pruh ghwdlohg glvfxvvlrq ri wkhvh hhfwv lv jlyhq lq wkh uhpdlqghu ri wklv
vhfwlrq1
Zlwk revhuydeoh uhvhdufk lqyhvwphqwv htxloleulxp ghyhorsphqw lqyhvw0
59





(J E7|c 7|(- '
E j`









dRE-E- n  Ro Ew n E- n {
 fc
iru  ' c 21Zkhq zh frpsduh wklv h{suhvvlrq zlwk wkdw lq htxdwlrq +5, zkhuh








Zkhq uhvhdufk lqyhvwphqwv duh revhuydeoh/ up *v htxloleulxp ghyhorsphqw
lqyhvwphqwv duh ohvv vhqvlwlyh wr xqlodwhudo lqyhvwphqw fkdqjhv1 Wklv lv fdxvhg
e| wkh iroorzlqj vslooryhu hhfw1 Zkhq up *v uhvhdufk lqyhvwphqw lv revhuy0
deoh/ dqg up  lqfuhdvhv uhvhdufk lqyhvwphqwv zkloh wkh vljqdov uhpdlq E7|c 7|/
qrw rqo| up / exw dovr up  ehfrphv pruh shvvlplvwlf1 Ilup  wkhuh0
iruh ghfuhdvhv klv ghyhorsphqw lqyhvwphqwv1 Vlqfh ghyhorsphqw lqyhvwphqwv
duh vwudwhjlf vxevwlwxwhv/ wklv frxqwhuydlov up *v gluhfw ghfuhdvh lq ghyho0
rsphqw lqyhvwphqwv1 Wklv vslooryhu hhfw uhgxfhv wkh gluhfw hhfw ri up *v
rzq jurzlqj shvvlplvp1
Wkh htxloleulxp surwv/ jlyhq frvw ri lqyhvwphqw w dqg htxloleulxp gh0
yhorsphqw lqyhvwphqwv (J/ lv=
ZE(









Wkh htxloleulxp frqglwlrq iru uhvhdufk lqyhvwphqwv/ -J/ ehfrphv=
4- ' E j EE j-
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Zkhq zh frpsduh wkhvh h{suhvvlrqv zlwk h{suhvvlrqv +7, dqg +9, zh re0
vhuyh wkh iroorzlqj1 Dorqj wkh htxloleulxp sdwk/ zkhq h{shfwdwlrqv duh uh0
dol}hg/ e( ' (J 1 Vlqfh revhuydeoh fkdqjhv lq uhvhdufk lqyhvwphqw dhfw
rzq htxloleulxp ghyhorsphqw lqyhvwphqwv ohvv wkdq xqrevhuydeoh fkdqjhv/
zh kdyh g-E- 	 -JE-/ iru doo -1 Lw lv wkhuhiruh lpphgldwh wkdw iru wkh
zlqqhu0wdnhv0doo udfh +j ' f, revhuydeoh htxloleulxp uhvhdufk lqyhvwphqwv
duh juhdwhu wkdq xqrevhuydeoh htxloleulxp uhvhdufk lqyhvwphqwv iru dq| frvw
ri uhvhdufk lqyhvwphqw 4= -J Ef :
e-Ef1 Exw vlqfh revhuydeoh fkdqjhv lq




	 f/ zh kdyh g'E- : 'JE-/ iru doo -1 Lw lv hdvlo| yhulhg wkdw
lq wkh zlqqhu0wdnhv0doo udfh upv zlwk revhuydeoh uhvhdufk lqyhvwphqwv vwloo
xqghulqyhvw lq uhvhdufk= -J Ef 	 -/ iru  ' c 21
Iru wkh htxdo0vkdulqj udfh +j ' 
2
, wkh hhfw ri revhuydeoh uhvhdufk lq0
yhvwphqwv rq d up*v rzq dv zhoo dv klv ulydo*v ghyhorsphqw lqyhvwphqwv duh
suhvhqw1 Wkhvh hhfwv srlqw lq rssrvlqj gluhfwlrqv1 Vlqfh wkh hhfw ri revhuy0
deoh uhvhdufk rq rzq ghyhorsphqw lqyhvwphqwv lv dq lqgluhfw hhfw/ zkloh wkh
hhfw rq wkh ulydo*v ghyhorsphqw lqyhvwphqwv lv gluhfw/ wkh odwwhu grplqdwhv
wkh iruphu lq wkh htxdo0vkdulqj udfh1 Wklv lv uh hfwhg lq wkh idfw wkdw iru
doo -= g-E- n g'E- : -JE- n'JE-1: Wkhuhiruh xqrevhuydeoh
uhvhdufk lqyhvwphqwv h{fhhg revhuydeoh rqhv lq htxloleulxp= e-E2 : -J E2/
iru  ' c 21
Wkhvh uhvxowv duh vxppdul}hg lq wkh iroorzlqj sursrvlwlrq=
:Lw lv hdvlo| yhulhg wkdw=




Sursrvlwlrq ; Frqvlghu wkh udfh zlwk sxeolf vljqdov/ dqg wdnh o ' - iru
 ' c 21 Zlwk revhuydeoh uhvhdufk lqyhvwphqwv htxloleulxp lv vxfk wkdw=
+l1d, ghyhorsphqw lqyhvwphqwv gr qrw glhu= e(E|(- ' (J E|(-/ iru doo |c -/
+l1e, ghyhorsphqw lqyhvwphqwv idoo pruh vwhhso| lq xqrevhuydeoh uhvhdufk lq0








+ll, revhuydeoh htxloleulxp uhvhdufk lqyhvwphqwv h{fhhg xqrevhuydeoh rqhv lq
wkh zlqqhu0wdnhv0doo udfh/ -J Ef 
e-Ef/ zkloh wkh uhyhuvh krogv lq wkh
htxdo0vkdulqj udfh/ -J E

2
  e-E21 Zkhuh vwulfw lqhtxdolwlhv krog iru lqwh0
ulru htxloleulxp uhvhdufk lqyhvwphqwv1
Zh frqfoxgh wkdw revhuydeoh uhvhdufk lqyhvwphqwv fuhdwh dq hhfw rq wkh
zd| erwk upv uhvsrqg wr fkdqjhv lq uhvhdufk lqyhvwphqwv1 Wkh gluhfwlrq
lq zklfk wklv hhfw srlqwv ghshqgv rq wkh gluhfwlrq lq zklfk vslooryhuv eh0
wzhhq upv srlqw1 Lq d vhwwlqj zkhuh Frxuqrw frpshwlwruv dftxluh sulydwh
lqirupdwlrq rq wkhlu ghpdqg lqwhufhsw/ Kdxn dqg Kxunhqv +4<<;, vkrz wkdw
revhuydeoh uhvhdufk lqyhvwphqwv h{fhhg xqrevhuydeoh lqyhvwphqwv lq htxlole0
ulxp1 Wkh dqdo|vlv ri wklv vxevhfwlrq vxjjhvwv wkdw wklv frqfoxvlrq lv vhqvlwlyh
wr wkhlu dvvxpswlrq rq wkh nlqg ri lqirupdwlrq wkdw lv dftxluhg1 Rxu dqdo|vlv
frxog eh lqwhusuhwhg dv rqh ri Frxuqrw frpshwlwruv zkr dftxluh sxeolf lqiru0
pdwlrq derxw wkh vorsh ri ghpdqg/ dqg jlyh glhuhqw htxloleulxp uhvxowv1;
; Frqfoxvlrq
Lq wklv sdshu zh vwxglhg lqyhvwphqw lqfhqwlyhv ri upv zkr ohduq derxw wkh
U)G surmhfw wkh| zrun rq/ zkloh wkh| lqyhvw lq lw1 Zh vkrzhg wkdw wkhvh
lqfhqwlyhv duh vxfk wkdw upv* shvvlplvp jurzv zkhq wkh| uhfhlyh edg qhzv
diwhu pruh lqyhvwphqwv1 Wklv ghsuhvvhv ghyhorsphqw lqyhvwphqwv diwhu edg
vljqdov duh uhfhlyhg1 Lq d zlqqhu0wdnhv0doo udfh zlwk sxeolf vljqdov wkh upv
ryhulqyhvw lq surgxfw ghyhorsphqw/ ehfdxvh uhvhdufk hruwv duh gxsolfdwhg1
Wkh| xqghulqyhvw lq lqirupdwlrq dftxlvlwlrq/ gxh wr wkh sxeolf jrrg qdwxuh
ri wkh glvforvhg lqirupdwlrq1
Wkh sdshu kdv ghprqvwudwhg wkdw upv* lqfhqwlyhv fkdqjh gudvwlfdoo|
zkhq upv vkduh uhyhqxhv1 Zkhq zh lqwurgxfh uhyhqxh vkdulqj lq wkh udfh
zlwk sxeolf vljqdov/ erwk uhvhdufk xqghulqyhvwphqw dqg wkh ghyhorsphqw
ryhulqyhvwphqwv duh lqlwldoo| uhgxfhg1 Wklv vxjjhvwv wkdw upv zrxog eh
ehwwhu r li wkh| zrxog vkduh uhyhqxhv iurp lqqrydwlrq1 Uhyhqxh vkdulqj
;Pdoxhj dqg Wvxwvxl +4<<9, vkrz wkdw lqfhqwlyhv wr frpplw wr vkdulqj h{rjhqrxv lq0
irupdwlrq fkdqjh wrr zkhq wkh| pryh iurp lqirupdwlrq derxw xqnqrzq ghpdqg lqwhufhsw
wr lqirupdwlrq derxw xqnqrzq vorsh1 +Ilupv kdyh d eljjhu lqfhqwlyh wr vkduh lqirupdwlrq
derxw xqnqrzq vorsh1,
5<
vkrxog/ krzhyhu/ qrw eh gulyhq wrr idu1 Iru h{dpsoh/ lq dq htxdo0vkduh U)G
udfh upv xqghulqyhvw erwk lq lqirupdwlrq dftxlvlwlrq dqg ghyhorsphqw/ gxh
wr iuhh0ulghu lqfhqwlyhv1 Dq h!flhqw uhyhqxh vkduh wudghv r glvwruwlrqv ri
lqfhqwlyhv lq lqirupdwlrq dftxlvlwlrq dqg ghyhorsphqw ri wkh lqqrydwlrq/ dqg
fuhdwhv d udfh ehwzhhq zlqqhu0wdnh0doo dqg htxdo0vkdulqj1
Qrw rqo| wkh h{whqw wr zklfk upv vkduh uhyhqxhv/ exw dovr wkh revhuydelo0
lw| ri lqwhuphgldwh uhvhdufk uhvxowv dhfwv lqyhvwphqw lqfhqwlyhv vxevwdqwldoo|1
Zkhq vljqdov duh sulydwh dqg upv dftxluh wkh vdph lqirupdwlrq/ upv lq0
yhvw pruh lq ghyhorsphqw dorqj wkh htxloleulxp sdwk1 Zkhq upv uhfhlyh
glhuhqw lqirupdwlrq/ wkhq wkh wrwdo ghyhorsphqw lqyhvwphqw xqghu sxeolf
lqirupdwlrq h{fhhgv wkdw xqghu sulydwh lqirupdwlrq1 Djdlq uhyhqxh vkdulqj
ghfuhdvhv upv* ghyhorsphqw lqfhqwlyhv1 Ehfdxvh iuhh0ulghu hhfwv duh de0
vhqw lq d udfh zlwk sulydwh vljqdov/ upv lqyhvw pruh lq dftxlulqj sulydwh
wkdq lq sxeolf lqirupdwlrq zkhq qr uhyhqxhv duh vkduhg1 Lq frqwudvw wr wkh
udfh zlwk sxeolf vljqdov/ htxloleulxp lqyhvwphqwv lq sulydwh vljqdov ghfuhdvh
prqrwrqlfdoo| lq wkh uhyhqxh vkduh1
Zh kdyh vkrzq wkdw wkh yhuldelolw| ri lqwhuphgldwh uhvhdufk uhvxowv lv
fuxfldo lq ghwhuplqlqj zkdw nlqg ri lqyhvwphqwv duh dfwxdoo| pdgh lq htxl0
oleulxp1 Qr lqirupdwlrq lv fuhgleo| uhyhdohg iru dq| vkduh ri uhyhqxhv zkhq
lqirupdwlrq lv qrq0yhuldeoh1 Lq wkdw fdvh uhyhdolqj qr lqirupdwlrq lv dq
htxloleulxp vwudwhj|1 Wkhuhiruh wkh uhvhdufk dqg ghyhorsphqw lqyhvwphqwv ri
wkh udfh zlwk sulydwh vljqdov duh htxloleulxp lqyhvwphqwv iru d udfh lq zklfk
qrq0yhuldeoh lqwhuphgldwh lqirupdwlrq lv fuhdwhg1 Zkhq upv* sulydwh lq0
irupdwlrq lv yhuldeoh/ wkh xqudyholqj uhvxow hqvxuhv iru h{wuhph uhyhqxh
vkduhv ixoo glvforvxuh ri uhvhdufk uhvxowv/ dqg jlyhv wkh sxeolf vljqdo htxlole0
ulxp lqyhvwphqwv1 Iru lqwhuphgldwh uhyhqxh vkduhv yhuldeoh lqirupdwlrq zloo
qrw eh glvforvhg1
Revhuydeoh uhvhdufk lqyhvwphqwv fuhdwh pruh vslooryhuv ehwzhhq upv* uh0
vhdufk lqyhvwphqwv/ vlqfh fkdqjhv lq rqh up*v uhvhdufk lqyhvwphqwv dhfwv
erwk upv* srvwhulru eholhiv derxw wkhlu surmhfw1 Zkhq dq h{wud xqlw ri
uhvhdufk glg qrw jlyh dq lpsuryhphqw lq vljqdo/ erwk upv ehfrph pruh shv0
vlplvwlf derxw wkhlu surmhfw1 Wklv sxwv wkh lqyhvwlqj up lq d uhodwlyho| ehwwhu
srvlwlrq dw wkh vwduw ri wkh ghyhorsphqw vwdjh/ dv frpsduhg wr d udfh zlwk
xqrevhuydeoh uhvhdufk lqyhvwphqwv1 Wkhuhiruh upv lqyhvw pruh lq revhuydeoh
uhvhdufk wkdq lq xqrevhuydeoh uhvhdufk lq wkh zlqqhu0wdnhv0doo udfh1 Zkhq
upv vkduh uhyhqxhv htxdoo|/ d up*v jurzlqj shvvlplvp iurp klv ulydo*v xq0
vxffhvvixo uhvhdufk lqyhvwphqwv lv qrw ehqhfldo iru wkh ulydo1 Wkhuhiruh upv
lqyhvw ohvv lq revhuydeoh uhvhdufk lq dq htxloleulxp ri wkh htxdo0vkdulqj
udfh1
Dowkrxjk zh pdgh d vxevwdqwldo uvw vwhs lq wkh dqdo|vlv ri ohduqlqj hi0
ihfwv lq U)G udfhv/ wkhuh uhpdlq vrph rshq txhvwlrqv1 Lw zrxog eh lqwhuhvwlqj
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wr vwxg| wkh ryhudoo hhfw ri wkh lqwhudfwlrq ehwzhhq uhvhdufk dqg ghyhors0
phqw lqyhvwphqwv e| fkdudfwhul}lqj wkh h{shfwhg htxloleulxp ghyhorsphqw
lqyhvwphqwv jlyhq htxloleulxp uhvhdufk lqyhvwphqwv1 Rqh ri wkh jrdov ri wklv
uhvhdufk surmhfw zrxog eh wr pdnh dq ryhudoo frpsdulvrq ehwzhhq h{shfwhg
surw ohyhov xqghu sxeolf dqg sulydwh vljqdov1 Lw zrxog lpsuryh wkh sdshu li
zh frxog suryh vwdwhphqwv rq sduwldo lqirupdwlrq uhyhodwlrq lq htxloleulxp1
Dovr frpsdudwlyh vwdwlfv zrxog lpsuryh rxu xqghuvwdqglqj ri wkh uhvxowv1
Wkhvh/ dqg rwkhu h{whqvlrqv ri wkh dqdo|vlv dzdlw ixwxuh uhvhdufk1
< Dsshqgl{
Lq wklv Dsshqgl{ zh suryh wkh pdlq sursrvlwlrqv ri wklv sdshu1 Wkh uvw
vxevhfwlrq suryhv wkh pdlq sursrvlwlrqv rq htxloleulxp lqyhvwphqwv iru sxeolf
vljqdov1 Vxevhfwlrq 5 suryhv wkh pdlq sursrvlwlrq iru d udfh zlwk sulydwh
vljqdov1 Lq vxevhfwlrq 6 zh suryh wkh ohppdv dqg sursrvlwlrqv frqfhuqlqj
vwudwhjlf lqirupdwlrq uhyhodwlrq1
<14 Surriv iru Sxeolf Vljqdo Udfh
Lq wklv vxevhfwlrq zh suryh sursrvlwlrqv 4 dqg 61
<1414 Surri ri Sursrvlwlrq 4 +e- : -,
Iluvw zh vkrz wkdw pdujlqdo uhyhqxhv ri uhvhdufk lqyhvwphqwv lq wkh rswlpxp
duh vwulfwo| odujhu wkdq wkrvh lq wkh sxeolf vljqdo udfh=
RE-` 2E-2
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zklfk fhuwdlqo| krogv zkhqhyhu
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zklfk reylrxvo| krogv1 Vlqfh pdujlqdo frvwv duh lghqwlfdo/ wklv jlyhv xqghu0
lqyhvwphqwv lq uhvhdufk e| frpshwlqj upv1
64
<1415 Surri ri Sursrvlwlrq 6 +Y e-*Yj,
Iru srvlwlyh zlqqhu0wdnhv0doo uhvhdufk lqyhvwphqwv/ l1h1 g-E- : f/ zh













Qrwh wkdw iru dq lqwhulru vroxwlrq e-Ej/ wkh vhfrqg0rughu frqglwlrq jlyhv d
qrq0qhjdwlyh ghqrplqdwru1 Wkh qxphudwru lv olqhdu lq sul}h vkduh j1 Iru
























ehfdxvh g-E- : f1 Iurp wkh olqhdulw| ri wkh qxphudwru zh ghgxfh wkdw
wkhuh dozd|v lv d ej 5 Efc 
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<15 Surri iru Sulydwh Vljqdo Udfh
Lq wklv vxevhfwlrq ri wkh Dsshqgl{ zh suryh sursrvlwlrq 8 dqg 71
<1514 Surri ri Sursrvlwlrq 7 +(W E,
Lq sduw +l, wkh uvw lqhtxdolw| lv reylrxv/ zkloh wkh vhfrqg/ iru o ' - ' -
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c
zkhuh wkh qxphudwru lv sursruwlrqdo wr
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zklfk lv qhjdwlyh iru - 	 1
Iru sduw +ll, lw vx!fhv wr revhuyh wkdw=
(W E|(-
e(E| ' E jE-{)E-`
dEw n-{Ew n )E- n E  E-{ E- E-{2oEw n{
c
dqg
(W E7|(- e(E|c |(- '
E jwdE- )E-o`
dEw n-{Ew n )E- n E  E-{ E- E-{2oEw n E- n {
c
zklfk reylrxvo| h{fhhgv }hur iru - 	 1 Wklv frpsohwhv wkh surri1
<1515 Surri ri Sursrvlwlrq 8 +-W Ef 
e-Ef,
Lq wklv surri zh frpsduh pdujlqdo uhvhdufk uhyhqxhv iru sxeolf vljqdov zlwk
wkrvh iru sulydwh vljqdov1 Qdwxudoo|/ iurp +7, zh rewdlq=
g-E- 	 2RwE-2` 2
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E R-2 EEw n-{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 n E  E-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2
+<,
Zkhq zh frpsduh ghqrplqdwruv ri +;, dqg +<,/ zh rewdlq=
dRE-2 n  RoEw n{Ew n E- n { n
E R-

Ew n-{ Ew n )E- n E  E-{ E- E-{2

' E.Ew n {d2w n E n-{o R-E-Ew n{2
Vlqfh wklv h{suhvvlrq lv olqhdu dqg ghfuhdvlqj lq R lw vx!fhv wr hydoxdwh lw iru
R ' 1 Iru R '  wkh h{suhvvlrq uhgxfhv wr=
E-Ew n{dw n E-Ew n{o  f
Wklv lpsolhv wkdw g-E- 	 -WE- iru doo - 	 / zklfk frpsohwhv wkh
surri1
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<16 Surriv iru Vwudwhjlf Uhyhodwlrq
Lq wklv vxevhfwlrq zh suryh ohppd 9/ sursrvlwlrqv 7 dqg :1
<1614 Surri ri Sursrvlwlrq 9 +Qr Frpsohwh Uhyhodwlrq,
Vxssrvh frpsohwh uhyhodwlrq grhv kdsshq lq htxloleulxp1 Wkhq htxloleulxp
eholhiv duh vxfk wkdw dq| vwdwhphqw lv eholhyhg1 Ilup *v htxloleulxp lqyhvw0
phqwv zrxog eh e(E| ' E3j`wn{ dqg e(E7|c 7| ' E3j`wnEon{  wnEownE-co  / uhvshf0
wlyho|1 Vxssrvh wkdw up  frpsohwho| uhyhdov klv lqirupdwlrq/ dqg wkdw kh
uhfhlyhg vljqdo | ' 7| iurp qdwxuh1 Wkhq li up  uhfhlyhg vljqdo | dqg uhyhdov
lw/ upv lqyhvw e(E|/ dqg up  kdv h{shfwhg surw=




w n jEw n{
Ew n{2

Li up  vwdwhv 7| lqvwhdg/ wklv pdnhv up  lqyhvw e(E7|c 7|1 Ilup *v rswlpdo
uhvsrqvh wr e(E7|c 7| lv ( ' E3j` EwnEoEwnEon{w 1 Ilup *v surw iurp ryhuvwdwlqj
klv vljqdo lv
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Wkh glhuhqfh lq surw ehwzhhq ryhuvwdwlqj dqg wuxwk0whoolqj lv
ZE7|m| ZE|m| '
E j` 2
wEw n{2Ew n Eo n {2
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
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K  wEw n{Ew n Eo n {Eo
Khqfh/ wkhuh lv d j 5 Efc  vxfk wkdw ZE7|m| : ZE|m| l j  j1 Vlplodu iru
d 7|0up / vwdwlqj | +uhvs1 7|, pdnhv 7|0up  fkrrvh e(E| +uhvs1 e(E7|c 7|,1
Ilup *v rswlpdo uhvsrqvh wr wklv lqyhvwphqw lv ( '
E3j`w
Ewn{EwnE-co 
+uhvs1e(E7|c 7|,1 Ilup *v surw iru xqghuvwdwlqj klv vljqdo lv
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zkloh wuxwk0whoolqj jlyhv klp




Ew n Eo2 n jEw n Eo n {Ew n E-c o
Ew n Eo n {2Ew n E-c o

Wkh glhuhqfh lq surw ehwzhhq xqghuvwdwlqj dqg wuxwk0whoolqj lv
ZE|m7| ZE7|m7| '
E j` 2
Ew n{2Ew n Eo n {2Ew n E-c o
EE jE n j c
zlwk
  @/ dqg
 ' Ew n E-c oEw n{Ew n Eo n {Eo
Khqfh/ wkhuh lv d 7j 5 Efc  vxfk wkdw ZE|m7|  ZE7|m7| zkhqhyhu j  7j1 Lw lv
vwudljkwiruzdug wkdw K  1 Wklv lpsolhv wkdw 7j  j/ dqg/ wkxv/ lv ghyldwlqj
iurp frpsohwh uhyhodwlrq surwdeoh iru doo j 5 dfc o1 Wklv frpsohwhv wkh
surri1
<1615 Surri ri Ohppd 7 +Qr Uhyhodwlrq,
Revhuyh wkdw zkhq upv qhyhu xsgdwh wkhlu eholhiv/ hdfk up lv lqglhuhqw eh0
wzhhq doo uhyhodwlrq uxohv/ l1h1 ZE E|c   ' ZE

E|c   ' .wiZE(
W( wm|(-j
iru doo  c 

 dqg   1 Qr uhyhodwlrq/ h1j1 e E| ' | iru  ' c 2/ lv wkhuhiruh
zhdno| suhihuuhg e| upv/ zklfk lv frqvlvwhqw zlwk eholhiv1 E| vwdwlqj kljk
frvwv/ qr w|sh ri up  fdq rewdlq kljkhu surwv/ vlqfh eholhiv duh qrw xsgdwhg1
<1616 Surri ri Sursrvlwlrq : +Yhuldeoh Lqirupdwlrq,
Vlqfh lqirupdwlrq lv yhuldeoh/ d up fdq rqo| fkrrvh wr hlwkhu glvforvh ru
frqfhdo klv vljqdo/  E| 5 i|cBj1 Li rqo| rqh w|sh ri up fkrrvhv wr frqfhdo
klv vljqdo/ klv ulydo fdq lqihu klv lqirupdwlrq shuihfwo|1 Zh wkhuhiruh rqo|
qhhg wr glvwlqjxlvk ehwzhhq vwudwhjlhv ri ixoo glvforvxuh dqg ixoo frqfhdophqw1
Zh wdnh j/ j/ dqg ZEm dv lq wkh surri wr ohppd 9/ dqg fkdudfwhul}h sduw
+l,/ +ll, dqg +lll,/ uhvshfwlyho|1
+l, Wdnh j  j1 Vxssrvh wkdw up  glvforvhv klv lqirupdwlrq=  E| ' | iru
| 5 i|c |j1 Lq wkdw fdvh up *v glvforvxuh uxoh fdq rqo| dhfw wkh htxloleulxp
rxwfrph zkhq up  glvforvhv |1 Ilup *v h{shfwhg surw iurp glvforvlqj sul0
ydwh vljqdov | dqg | lv wkhq ZE|m| dqg ZE|m|/ uhvshfwlyho|1 Vxssrvh wkdw
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up  ghyldwhv iurp frpsohwh uhyhodwlrq dqg frqfhdov klv vljqdo1 Diwhu frq0
fhdophqw up  xsgdwhv klv eholhiv vnhswlfdoo|/ dqg eholhyhv wkdw | ' | zlwk
suredelolw| / l1h1 ZEBm|  ZE|m|1 Frqvhtxhqwo| kh lqyhvwv e(E| lq gh0
yhorsphqw1 Wklv ohdyhv up  lqglhuhqw ehwzhhq glvforvlqj dqg frqfhdolqj
zkhq | ' |1 Zkhq up  kdv sulydwh vljqdo |/ kh suhihuv wr glvforvh klv vljqdo/
vlqfh ZE|m|  ZE|m| l j  j1 Khqfh vfhswlfdo eholhiv duh frqvlvwhqw zlwk
up*v lqfhqwlyhv/ dqg upv* glvforvxuh vwudwhjlhv duh rswlpdo jlyhq eholhiv1
+ll, Wdnh j 	 j 	 j/ dqg vxssrvh wkdw up  glvforvhv klv lqirupdwlrq1
Ilup *v ghyhorsphqw lqyhvwphqwv fdq rqo| eh dhfwhg e| up *v glvforvxuh
ghflvlrq zkhq up  uhfhlyhv d edg vljqdo/ | ' |1 Zh frqvlghu wklv fdvh1
Diwhu up *v frqfhdophqw/ h  ' B/ up  dvvljqv suredelolw| > wr wkh frq0
wlqjhqf| wkdw up  uhfhlyhg d jrrg vljqdo/ | ' |/ zlwk f  >  1 Ilup
*v h{shfwhg frvwv ri ghyhorsphqw diwhu frqfhdophqw duh wnE>Eoc -1
Wkh uvw0rughu frqglwlrq iru up *v lqyhvwphqwv lv wkh iroorzlqj=
Ew n E >Eoc -(EB(- ' E j` 

>(E| n E >(E|

{
Ilup *v uvw0rughu frqglwlrqv uhpdlq xqfkdqjhg1 Jlyhq up *v eholhi/ zh
rewdlq wkh iroorzlqj htxloleulxp lqyhvwphqwv=
(> EB( o '
E j` dwEw n Eo Ew n >Eo{o
wEw n EoEw n E >Eo Ew n >Eo{2
(> E| '
E j` Ew n EoEw n E >Eo{
wEw n EoEw n E >Eo Ew n >Eo{2
(> E|(- '
E j`wEw n E >Eo{
wEw n EoEw n E >Eo Ew n >Eo{2

Ew n Eo
Ew n E-c o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 E|(-
2 n j`(> EB( o
Qrwh wkdw iru eholhi > ' f up  vwulfwo| suhihuv wr frqfhdo |/ vlqfh Zf EBm| '
ZE|m| : ZE|m| iru j 	 j1 Zh fdq wkhuhiruh uxoh rxw eholhi > ' f dv
vxssruwlqj d ixoo glvforvxuh htxloleulxp1 Eholhi > '  fdq eh uxohg rxw wrr/
ehfdxvh up  suhihuv wr frqfhdo d edg vljqdo jlyhq wklv eholhi/ l1h1 Z EBm| '
ZE|m| : ZE|m| iru j : j1 Iru eholhiv vwulfwo| ehwzhhq f dqg  wkhuh lv d
fulwlfdo ydoxh j> +uhvs1 j>, vxfk wkdw glvforvlqj | +uhvs1 |, lv surwdeoh iru
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_> E|(-
2  e_E|(-2n _> EB( o e_E|( o c
zkhuh _E  (E*Ej` / zlwk  ' c 1 Iru sul}h vkduh j ixoo glvforvxuh
lv dq htxloleulxp vwudwhj| jlyhq eholhi >/ zkhqhyhu eholhi > lv vxfk wkdw j> 
j  j>1 Iluvw zh yhuli| wkdw erwk j> dqg j>duh prqrwrqlfdoo| ghfuhdvlqj lq
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Lq frpelqdwlrq zlwk prqrwrqlflw| wklv lpsolhv wkdw j> : j> iru doo f 	 > 	 1
Wkhuhiruh wkhuh lv qr eholhi > vxfk wkdw ixoo glvforvxuh lv fkrvhq lq htxloleulxp1
+lll, Iru j  j zh kdyh d vlplodu dujxphqw dv lq +l,1 Vfhswlfdo eholhiv diwhu
frqfhdophqw duh wr eholhyh wkdw |rxu ulydo kdv d edg vljqdo/ l1h1 ZEBm| 
ZE|m|1 Wklv ohdyhv up  zlwk d edg vljqdo lqglhuhqw ehwzhhq glvforvlqj
dqg frqfhdolqj1 Ilup  zlwk d jrrg vljqdo lv zruvh r e| frqfhdolqj klv
vljqdo/ vlqfh ZE|m|  ZE|m| l j  j1 Wklv frpsohwhv wkh surri1
6:
43 Uhihuhqfhv
 g*Dvsuhprqw F1/ Ekdwwdfkdu|d V1/ Jìudug0Yduhw O0D1 +4<<9, Edujdlq0
lqj dqg Vkdulqj Lqqrydwlyh Nqrzohgjh/ plphr
 g*Dvsuhprqw F1/ Ekdwwdfkdu|d V1/ Jìudug0Yduhw O0D1 +4<<;, Nqrzo0
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